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Abstract

A well-known ansatz (‘trace method’) for soliton solutions turns the equations
of the (non-commutative) KP hierarchy, and those of certain extensions, into
families of algebraic sum identities. We develop an algebraic formalism, in
particular involving a (mixable) shuffle product, to explore their structure. More
precisely, we show that the equations of the non-commutative KP hierarchy
and its extension (xncKP) in the case of a Moyal-deformed product, as derived
in previous work, correspond to identities in this algebra. Furthermore, the
Moyal product is replaced by a more general associative product. This leads
to a new even more general extension of the non-commutative KP hierarchy.
Relations with Rota—Baxter algebras are established.

PACS numbers: 02.10.Hh, 02.30.1k, 05.45.—a, 11.10.Nx

1. Introduction

Let K be a field of characteristic zero and (R, *) the K-algebra of differential polynomials
in (matrices of) functions {u,.1|n € N} of variables t,,n € N, with an associative (and
non-commutative) product * for which the operators of partial differentiation with respect to
t,,n € N are derivations®. A formal pseudo-differential operator (¥DO) in the following
means a formal series in the operator* 9 of partial differentiation with respect to x := ¢, and
3 Here and in the following N denotes the natural numbers 7ot including zero.

4 An expression like dX has to be understood as a product of operators, whereas 8, X will be used for the partial

derivative of X with respect to x, also denoted as X .
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its formal inverse 8! with coefficients in (Ro, ). With elements f € Ry, 3! satisfies the
relation

3 f=f0 = f07H fixd T = (1.1)

We will use ()0 and ()9, respectively, to denote the projection to that part of a WDO which
only contains non-negative, respectively negative, powers of d. Let R be the ring of ¥DOs
generated by

L=3+) ttyd7" (1.2)
n>1

using the product *, the projections and the defining relation for 3! as the inverse of 8 = L.
This is also a K-algebra. In the Sato framework, the non-commutative KP hierarchy (ncKP)
is defined by’

L, :=08,L=[(L")>0, L1=—[(L")<0, L] n=172,... (1.3)
(see [1-7], for example). Introducing a potential ¢ via
Uy = ¢ (1.4)
one finds the following expressions for the commuting flows of the ncKP hierarchy®:
¢, =res(L") n=12.... (1.5)
Let us now recall amethod’ [8] to obtain soliton solutions of the (potential) ncKP equation
(40, — Prex — 6¢ % br) = 6ly, d] + 36y, (1.6)

where y := t,. This is the first non-trivial member of the ncKP hierarchy. Inserting the formal
series

o0
p=> o™ (1.7)
N=1
in a parameter €, transforms it into the system of equations
N-1
gy = o =3 =63 (@Y %™+ [0, 0] ()
k=1
which is solved by
M
o= 3 i ¥ i %o %Gy k=1,....N (1.9)

(Qi, - piz)(Qiz - Pi;) ce (qik—] - Pik)

B = o £ 4 gECa) (1.10)

where M € N, &(t, pr) = Zr21 1. p;, (see also [2, 6, 91).8 Here cx, pk, gx are constants such
that ¢; and the denominators in (1.9) are different from zero. Inserting (1.9) with (1.10) in
(1.8) first leads to a sum which runs over all lists (i1, ..., iy) where iy € {1,..., M}. Butit

5 Here L" stands for the n-fold product L % - - - % L, and [, ] is the commutator in the ring (R, *).

6 To be precise, here we need to supply R with the operation of x-integration. The residue of a WDO is the coefficient
of its 3~ term.

7 For a different method in the non-commutative setting, see [1], for example.

8 M is the soliton number. For M = 1 we can use the geometric series formula (in the domain of convergence of the
series) to obtain ¢ = Zj’&;l (ed1/(q1 — pl))N =(1—€¢p1/(q1 — pl))’1 — 1 from which one recovers a well-known
expression for the 1-soliton solution of the KP equation.
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actually results in separate sum identities (of the same kind), involving the constants py, gi. It
is therefore sufficient to consider only the terms corresponding to one definite representative
list, say those proportional to ¢; *- - - % ¢y (Where some of the ¢, may be equal)’. For example,
the corresponding contribution of the expression

o) = P —df - l (1.11)
1 il"§:1 kZ:l:( k k) (611'1 _ piz) e (qm,l _ piN)
is Ty¢1 % - % ¢ / [1poy (g — Prs1) Where
N
T =) (pi — i) (1.12)
k=1

The Nth order part (1.8) of the ncKP equation is then mapped to the following algebraic
equation'®

AT\Ts — T4 =32 = 6T\(Ty x T) —6(Ty x Ty — T x T}) (1.13)
where
TxTo= Y  (Pi—a)aipi—a)— > (pf—da)pi(pi—qi). (1.14)
1<i<j<k<N 1<i<j<k<N

Equation (1.8) is solved by (1.9) if (1.13) is an identity, which indeed turns out to be the case
on closer inspection. Note that this identity not only holds for arbitrary values of the p, gx,
but also for arbitrary N € N.!! Inspection of the identity (1.13) suggests a way to obtain such
identities directly from ncKP equations. The basic rules are!?

Bun iy > T Ty by %, > T, x T, (1.15)

Now (1.13) immediately follows from (1.6).

Taking (1.7) with (1.9) as an ansatz to obtain solutions of a partial differential equation
involving the product * and partial derivatives of a field ¢ with respect to the variables ¢, turns
it into an algebraic equation. If this is an identity for all N, the respective equation has KP-type
soliton solutions'?. Does the ncKP hierarchy exhaust the possibilities of such equations?

In particular, we will be interested in the case where the product * depends on parameters.
An example is given by the (Groenewold—) Moyal product [10-13]

o0
fxg:=moe’*(f®yg) P = Z Bnd;, ® 0, (1.16)

m,n=1

9 For N > M some of the ¢ necessarily have to be equal, but for N < M there are lists for which all factors ¢ are
potentially independent. We should consider such lists as ‘representative’. We thus assume that the soliton number
M can be chosen arbitrarily large. The number M then does not enter the subsequent considerations any more.

10 We should stress again that each summand in (1.9) leads separately to this identity. The non-commutative terms
on the right-hand side of (1.13) still remain present if we let the product * become commutative, i.e., in the case of
the ‘commutative’ KP hierarchy. In that case, they disappear, however, via the summation in (1.9).

" Such identities typically decompose into several identities since terms such as Y oi<i<j<k<n PiPjPe and
Zlg j<k<N Pj p,%, for example, are obviously linearly independent. Accordingly, one can introduce a notion of
length, so that expressions decompose into linearly independent parts of fixed length. In the step towards the algebra
developed in section 2 we abstracted the above sums to products P < P < P, respectively P < P e P, from which
they are recovered via a representation Xy (see section 3). The grading given by < takes care of the length.

12 I the usual formulation of the ncKP hierarchy, ¢ without derivatives acting on it does not appear, so we need not
say to what a bare ¢ should correspond.

13 Of course, one may think of modifications of (1.9) in the search for other equations admitting a soliton structure.
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where m(f ® g) = fg for functions f, g, and 6,,, = —6,,, are parameters. Then there is
another basic rule, namely
1 r r s s S N r r
b, > Oni=5 > [(P)—a)) Pk — ) — (r) — 4) (i — )]
1< j<k<N
1
-5 2 (piai — iay). (1.17)

k=1
According to our correspondence rules, we have, for example,

B, * Py * @y, > (T1Op) x Ty X Ty (1.18)
with a (rather obvious) generalization of (1.14) which defines an associative product (of sums
of powers of py,..., pn,q1,--.,qn). The first equation of the extension (in the sense of
[5-7]) of the ncKP hierarchy (with Moyal *-product), called the xncKP hierarchy, is

Por, = ¢ (s — Prrx) — o * Py (1.19)
This is mapped to

Oa=¢G-T7)-TixT (1.20)

which indeed also turns out to be an identity.

Hence, taking (1.7) with (1.9) as an ansatz to obtain solutions of a (in this case non-local)
partial differential equation involving the Moyal product and partial derivatives of a field ¢
with respect to the variables ¢. and 6,,, converts it into an algebraic equation. If this is an
identity for all N, the respective equation has KP-type soliton solutions. The equations of the
xncKP hierarchy provide us with corresponding examples.

The mapping of (x)ncKP equations to algebraic identities described above can actually
be reversed. From (1.13), respectively (1.20), we easily reconstruct the partial differential
equations (1.6), respectively (1.19). It should be clear that, in order to do this, the sum calculus
is not essential, but rather a certain algebraic abstraction. This motivates us to develop an
algebraic scheme which allows us to prove and to find identities of the kind we met above.
The way in which we expressed the identities (1.13) and (1.20) already suggests some main
ingredients of such a scheme. A deeper analysis led us to the algebra which we introduce
in section 2. A correspondence between identities holding in the abstract algebra and the
equations of the ncKP hierarchy and certain extensions is indeed established in this work. In
this context one should keep in mind that characteristic properties of the KP hierarchy are
indeed purely algebraic. In particular, this concerns the basic property of commutativity of
the flows. Writing (1.3) in the form

3, L =38,L 8oL = [(L")>0. L] (1.21)

and extending §, to R according to the derivation rule (together with §,, X >0 := (5,,X) >0 for
X € R), the commutativity of the flows becomes equivalent to

[8m. 8u1L =0 (1.22)

which is a purely algebraic identity in the ring R (and in particular makes no reference to
the variables #,, n > 1). Associated with the extension of the Moyal-deformed KP hierarchy
are ‘generalized derivations’ which also commute as a consequence of algebraic identities.
We will meet even more generalized derivations in section 6. They also define extensions of
the KP hierarchy with a deformed product (see section 8§).

The treatment of the xncKP hierarchy in [5—7] heavily relies on the fact that the underlying
algebra R of WDOs admits the decomposition R = R3¢ @ R into subalgebras, whereas in
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the treatment of the ncKP hierarchy it is sufficient to have a corresponding decomposition of
Lie algebras (as common in integrable systems theory)'4. Such an algebra decomposition is
equivalent to the existence of an idempotent Rota—Baxter operator R [14—17] on the algebra (see
also appendix A). A few years ago, it was shown that the choice of a renormalization scheme
in perturbative quantum field theory corresponds to the choice of a Rota—Baxter operator
[18-21]. In [22, 23] it has been pointed out that this setting resembles the loop algebra
framework of integrable systems. The antisymmetric part of the bilinear Rota—Baxter relation
(of weight 1) is the famous classical Yang—Baxter relation, which plays an important role in
integrable system theory [24-26]. It should not come as a surprise that various Rota—Baxter
relations also appear in the present work.

Section 2 introduces the algebra A which plays a basic role in this work. Section 3
then provides a realization in terms of partial sum calculus. Some other realizations of the
algebra A are briefly described in appendix B. Section 4 treats the case of the subalgebra .4 (P)
of A generated by a single element P. This plays a central role in the subsequent sections.
Section 5 addresses the case of a subalgebra of .4 generated by two commuting elements and
an embedding of A(P). Although this section is important in order to make contact with
the aforementioned algebraic sum identities, it may be skipped on first reading. Sections 6
and 7 relate the algebraic framework with the ncKP hierarchy and (in the case where * is
the Moyal product) its xncKP extension. A more general extension, corresponding to a more
general x-product (see appendix C), is studied in section 8. Appendix D sketches a certain
generalization of the algebraic framework which, in particular, allows us to introduce an
algebraic counterpart of a Baker—Akhiezer function (formal eigenfunction of a Lax operator
like L). Section 9 contains some conclusions and further remarks.

2. The basic algebraic structure

Let A = @r>1 A" be a graded linear space over a field K of characteristic zero, which
becomes an associative algebra with respect to two products < and e, which are bilinear maps
A" x A — A and A" x A° — A"~ respectively!®. Furthermore, we require that the
two products satisfy the mutual associativity conditions

(@ <pley=a=<(fey) (ef)<y=ae(f<y) 2.1)
for all @, 8, y € A. It is convenient to introduce the notation
a>B=a<pf+aef 2.2)

for the combined product which is clearly also associative. This new product induces a
different grading of the algebra: A = @,21 A,, where A; = A and A, > A, C A.,. We
also have A, @ A; € A,is—1 and A, < Ay € Aprs—1 P Aras.
Let Shuff(m, n) denote the set of (m, n)-shuffles, i.e.
Shuff(m, n) :={o € Spinlo (1) <--- <o m), o\ m+1) <--- <o~ (m+n)}
2.3)
where S, is the symmetric group acting on # letters. For example,

Shuff(1,n) = {{1,2,....,n+1},{2, 1,3,...,n+1},...,{2,3,...,n+ 1,1}
Shuff(2,2) = {{1,2,3,4},{1,3,2,4},{1,3,4,2},{3,1,2,4}, {3, 1,4, 2}, {3,4, 1, 2}}
14 AlsoR = R>1® R« is adecomposition of the algebra of WDOs into subalgebras. This underlies the (extended)

modified KP hierarchy (see [2, 7], for example).
15 The grading basically accounts for the notion of ‘length’ mentioned in a previous footnote.
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where a permutation o is described by the ordered set {o (1), ..., o (m +n)}. Taking a deck
of m cards and another one of n cards, Shuff(m, n) describes all possible shuffles of the two
decks. It has (m +n)!/(m!n!) elements. Clearly, Shuff(m, n) = Shuff(n, m).

We define the main product o in A by

(Al A1ees K-t Am) © (Am+1 Am+1 o« Kman—1 Am+n)

= Z Aoy Aoy - Aoman—t) Acmen) 24
o€ Shuff(m,n)

for Ay, ..., Apin € Al. Each A;, 1 <i < m +n — 1, stands for one of the choices < or >,
and
> if o@)<m<o(@+1)
Aoy = 1< if o(+1)<m<o(i) (2.5)
A otherwise.

This defines another associative product in A. It is a mixable shuffle product [27, 28] with
respect to the product pair (<, e), respectively (>, o). In particular, we find

(Al M1 ADo(As ks A= D Aoy Ay - Ayay Ao
o € Shuff(2,2)
=A1 A1 Az >A3 }\3A4+A1 >A3 < A2 >A4+A1 >A3 A3A4 < A2

+A3<A1 )\1A2>A4+A3<A1>-A4<A2+A3)\3A4<A1 )\1A2-

(2.6)

Furthermore,

AroAr= Y Aga)Ara Aoy = A1 = Ayt Ay < A 2.7

o € Shuff(1,1)
and, more generally,
Aro(Ay Mg A3 A3 ... A,y Apy) = Z Ag(l) A:T(l) ce )\;(n) AJ(,,.H)
o eShuff(1,n)
=A >A) Ay . A At Ay < AL = A3 A3 ... Ay Anr

+A2A2A3 <A1 >A4)\4...An An+1+"'

+Ay Ay Az A3 ... Ay Ayl < Ay (2.8)
where we can substitute either < or > for A,, ..., A,. Let 8 = By A1 By Ay... Ay—1 B, with

B; € A! and Birs) := Br Ar ... As—1 By forr < s. The last formula can then be written more
concisely as

n—1
AOﬂZA>,3+Zﬂ[l,r]<A>ﬂ[r+l,n]+,3<A- (29)
r=1
It is convenient to introduce the ‘Sweedler notation’ [29]
Aoﬂ:A>ﬂ+Zﬂ(1)<A>ﬂ(2)+ﬂ<A. (2.10)
In a similar way, we obtain
ﬂoA:,B>A+Zﬂ(l)>A<ﬂ(2)+A<ﬂ. (2.11)

Remark. If (A', e) is unital with a unit element E, this extends to A such that E e o =
o = « e E. Note that no rules are specified to resolve expressions suchas £ < ¢ oro < E.
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2.1. Some properties of the algebra A

Lemma 2.1. Let A € A' anda, B € A. Then

Ao(@ApB)=(Aca) \B+a A(AoB)—a LA LB 2.12)
(@AB)oA=(aoA) AB+a i (BoA) —aLALP (2.13)
[A,a A Blo =[A,al, A B+a A[A, Bl (2.14)

where [, ], denotes the commutator with respect to the product o.

Proof. Because of linearity, it is sufficient to consider the case where @ € A™ and g € A"
for m, n € N. Using (2.10), we find

Ac(@AB)=A>@AB)+Y @ABn <A>(@AP)g+@ip) <A
=A>a)AB+) an<A=ap Ap+a<A>-p
+Ol}\2ﬁ(1)<A>l3(2)+O{A,3<A
=(Aca) AB+a L (Aof)+a<A>P—a<ALp—akA>p.

For both choices < and > for A this yields the first identity of the lemma. The second is
obtained in the same way using (2.11). The third identity is an immediate consequence of the
first two. ]

In the following we will adopt the convention that the product o, which does not satisfy
mutual associativity relations with the other products, takes precedence over the other products.
This means that it has to be evaluated first in expressions also containing other products. For
example,

aod ABof i=(@od) A (Bof). (2.15)
Lemma 2.2.

(@<A)oBf=a<A>B+Y aofn<A>Pay+aof<A  (2.16)

(A>oz)o,3=A>ao,3+Z,B(1)<A>aoﬁ(2)+,3<A>oe (2.17)

,30(A<oz)=,3>A<oe+Z,3(1)>A<,3(2)oa+A<,Booz (2.18)

Bol@>A)=Boa>A+Y Bnoa>A<Py+a>A<p (219

Proof. According to the definition of the shuffle product o, which preserves the order of
the components of each factor (and the product symbols between them), an expression like
(¢ < A) o B means that we first have to shuffle A into 8 and afterwards shuffle « into the
resulting expression, but now with the restriction that all components of « have to precede A.
For example, in order to evaluate (A; < Aj) o B, we first compute

AQO,BZAQ>-,3+Z,3(1)<A2>-/3(2)+,3<A2.

Then we shuffle A; into this expression as follows:

(A; < Ay))oB=A4 <A2>,3+Z(A10,3(1))<A2>,3(2)+(A10,3)<A2.
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This obviously generalizes to

(a<A)o,3=a<A>,3+Z(oto,3(1))<A>ﬂ(2)+(aoﬂ)<A

which is the first identity of this lemma. The others are obtained by similar considerations.
|

The following identity characterizes the main product as a ‘quasi-shuffle product’ [30].

Proposition 2.1.
(A<a)o(B<B)=A<ao(B=<pB)+B<(A<a)oB+(AeB)<aop. (2.20)

Proof. Using (2.18) and (2.2), we obtain
(A<a)oB<pB)=(A<a)>B<B+(A<B+AeB)=<(axop)

+A <Y aqy = B<(apop)+B<(A<a)op.
Formula (2.20) is now obtained by rewriting the first term on the right-hand side as follows,
again with the help of (2.18),
A<a>B</3=A<(ao(B</3)—Za(1)>B<a(2)o,3—B<ao,B>. O

In a similar way, one can prove the following identity:

(A>a)o(B<pB)=A>ao(B<B)+B<(A>a)op. (2.21)

Remark. With A € A' let us associate a map R, : A — A via Ry(a¢) = A < . Then
(2.20) reads
Ra(a) o Rg(B) = Ra(@ o Rg(B)) + Rp(Ra(a) o B) + Raep(x 0 B). (2.22)

In particular, if A € A! satisfies A # A = —qA with q € K, then R, defines a Rota—Baxter
operator of weight q on (A, o) [14—17] (see also appendix A and [27, 31-33] for relations with
shuffle algebras). Associated with a unit element E is thus a Rota—Baxter operator of weight
—1. Ifq=0and @ = Z@l a,A¥", B = Zn>1 b,A™", we obtain @ o B = ZH>1 c, P~
with ¢, = ZZ:O (Z)akbn,k, from which we recover the ring of Hurwitz series (divided power
series) [34].

Theorem 2.1. If[A, B], := A « B — B e A vanishes for all A, B € A', then (A, o) is a
commutative algebra.

Proof. First we note that [A, B], = [A, Bl.. (2.10) and (2.11) lead to
[A, Bl. =[A, Bl + Z(ﬂ(l) <AeBn—Baye A< Bw)

= Z By Ar..o Ao [ABrle Ay oo A1 By
r=1

for 8 = By A1 ... Ay—1 B,. This vanishes indeed as a consequence of our assumption.
Furthermore, from (2.20) we obtain

[A<a,B<Bl=A<[a,B=<Blo+B<[A<a,pl
+(AeB)<aoB—(BeA) <Bou.

Using our assumption, the last two terms combine to (A e B) < [«, B8],. Hence this formula
can be used to prove our general statement by induction on the grades of o and 8. (|
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2.2. Involutions interchanging < and >

There is a fundamental duality in the algebra A concerning the two operations < and >. It
is convenient to encode this duality in two involutions which exchange the two products and
their gradings:

(@< BV =a¥ = pY (@ < B)? =B > a” (2.23)

where forall A € A' also AV, A € A!. Using the involution property y¥¥ = y, respectively
y@? =y, forall y € A, this implies

(@ep) =—a’ep (e f)” =—pea’. (2.24)
As a consequence,
(> B =a¥ <p? (@ > B)” = B° < a®. (2.25)

We still have the freedom to define the action of the two involutions on the generators of .A.

Proposition 2.2.
(@op) =p’oa’ (@of)” =a”op”. (2.26)

Proof. By induction with respect to the grade of «. For o € A' the identities easily follow
from (2.10) and (2.11). If the identities hold for o € A", they also hold for @ € A"*! by use
of the identities (2.16) and (2.19). O

Applying the above involutions to identities in .A generates further identities. This often
provides us with a quick way of proving required relations.

Proposition 2.3.

A=a)oB>=B)=A>ao(B>B)+B>(A>a)of—(BeA)>aofp (2.27)
(d<A)o(B=<B)=ao(B<B)<A+(ax<A)oB<B+aopB <(AeB) (2.28)
(a>A)o(B>B)=ao(B>B)>A+(a>A)of>B—aof > (BeA). (2.29)

Proof. (2.27) and (2.29) are obtained by applying ¥, respectively “, to (2.20). (2.28) in turn
results from (2.27) by application of © (or from (2.29) via ¥). O

2.3. Associative products determined by elements of A’
With each A € A!' we associate two bilinear maps AA: Ax A— Avia
A, ) =aAB:=a<A>p (2.30)
A, B) =alhB:=a > A< B. (2.31)
The ‘product notation’ is justified since the expressions on the right-hand sides are combined
associative with all products defined so far, with the exception of the main product, and thus

also among themselves. In particular, (¢AB)By = aA(BBy) so that we are allowed to drop
the brackets.

Lemma 2.3.
(@AB)YY = VAV BY (@AB)? = B*A%a®. (2.32)
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Proof. These are immediate consequences of definitions (2.30) and (2.3 1) and the properties
of the involutions ¥ and © (see section 2.2). With B := A, AY means B. O

Proposition 2.4.  The following derivation properties of o-multiplication by an element
B € A hold:

Bo (@AB) = (Boa)AB +aA(B o p) (2.33)
(@AB) o B=aA(B o B)+ (xoB)AS. (2.34)

Proof. This is easily verified with the help of (2.12) and (2.13). Also note that the two
identities are mapped to each other by application of the involution ¥ (with AY = A for all
A € A') and use of lemma 2.3. O

The next result is a generalization of the previous proposition.

Proposition 2.5.
y o (@AB) = (y ca)AB + Z(y(l) o a)A()/(z) oB)+aA(y op) (2.35)
@AB)oy =aA(Boy)+ Y (aoym)A(Boya)+(@oy)AB. (2.36)

Proof. According to the definition of the shuffle product, y o (@ > A < B) consists of a sum
of terms, two of which correspond to shuffling of y into «, respectively 8. In addition, we
have all possible terms obtained by splitting y into two ordered parts and shuffling the first
into o and the second into 8. The result is precisely our first formula. The second formula is
obtained in the same way'. ]

3. Realization by partial sum calculus

Let NV := {I C N|I # @, |I| < oo}. This is the set of non-empty finite subsets of the set of
natural numbers. Let A be the freely generated linear space (over K) with basis {e;|I € N}.
For I, J € N we define the following associative products:

eruy if  max(/) < min(J)

= . 1
er=es {0 otherwise G.D
¢/ ee) = eruys if mz.lx(l) = min(J) 3.2)
0 otherwise
and thus
ey if  max(/) < min(J)
= . 3.3
er=e {0 otherwise. -3)

For example, epp 45 = e < e4 < e5 € A3, where we simply write e, instead of e(,;. Any
element A of A' can be written as A = > u>1 anen With a, € K. The e-product with another

element B = )", bye, of Al is then given by
AeB =Y aybye,. (3.4)
nz=1

16 The formulae of this proposition do not hold with A and A exchanged, if o is not commutative. For example,
Bo(aAB) = (Boa) < A>B+a <Bo(A> B)—a < B < A > B where the last term corrects a double counting
of the first two. By use of (2.12), we find B o (¢AB) = (Boa) < A>B+a <A > (Bop)+a <[B, A], > B.
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There is a formal'” unit element, E := Zn>1 e,. With A; = 2@1 ainen,i =1,...

obtain

Al <--- < Ar = E Alny " Arn,€ny,...n,}-

1<ny < <n,
For the main product, we find the simple formula
eroey=eryy-
The linear map Xy : A — K defined by

1 if Ic{l,2,...,N}
0 otherwise

Yn(er) = {

has the properties

SyAp << A= E al,ny " Aron,
1<ny<--<n, <N

N N
Tn(Ajo---04,) = (Z alﬁn,) (Z al,n,,) :

ni=1 ny=1

(3.6)

(3.7)

(3.8)

3.9)

By application of X to identities in (the partial sum realization of) the algebra .4, we obtain
sum identities of the kind considered in the introduction, which hold for all N. But which
identities in A correspond to the equations of the (x)ncKP hierarchy? The answer will be

given in section 7.

Remark. The calculus of partial sums is known to carry the structure of a Rota—Baxter
algebra [14, 15] (see also appendix A). We define a map R from A to a completion (as a

projective limit) A" of A' by
R(a) = Z Ty (@)ey Vo € A

N>1

where (o) := 0. It satisfies

R < A)=R(R(x)e A)
and therefore

R(Aj <+ <A)=R(R(..R(R(A))eAy)e..)e A,)
for A,..., A, € A'. Another simple consequence of (3.11) is

R(a>A)=R(R(a)eA+uxeA).
Furthermore, for all «, 8 € A the following identity holds:

R(x o B) = R(x) e R(B) Va, p € A
ApplyingRto Ao B=A > B+ B < A thus leads to
R(A)e R(B) = R(R(A)e B+ Ae R(B)+ AeB) VYA, B e Al

(3.10)

3.11)

(3.12)

(3.13)

(3.14)

(3.15)

With obvious extensions of e and R, (A!, e, R| 1) becomes a Rota—Baxter algebra of

weight —1.

17 Proper elements of A are finite sums.
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4. The subalgebra of A generated by a single element P
Let A(P) be the subalgebra of A generated by an element P € A'. More precisely, if
(A(P), o) has a unit element E, then A'(P) is spanned by

P, := P*" n=0,1,2,... 4.1)

where Py := E. If (A(P), o) is not unital, we have to disregard expressions containing Py in
the following. Clearly, (A'(P), e) is commutative, and thus also (A(P), o) by theorem 2.1.
According to section 2.3, P determines an associative product,

axpB=—aPB=—-a~<P>p Ya, B € A(P) 4.2)

which will play an important role in our subsequent considerations.

Proposition 4.1.  Via the main product, each A € A'(P) acts on a x-product according to
the derivation rule

Ao(axfB)=(Aoa)xB+ax(Aocp). 4.3)

Proof. By use of (2.34), taking the commutativity of (A(P), o) into account. O

It is convenient to introduce the following objects which form a basis of A(P),

Py i= Py < < Py (4.4)
Theorem 4.1.
k
Poyme 0 @ X B) =Y (Puyom, 0 ) X (Pun,oym, © B).- (4.5)
j=0

Proof. Since o is commutative in the case under consideration, (2.36) implies

(Al <Ay < <ADo@xB)=(A1 << A)oaxp

k—1
+Y (Ar<- < A)oa X (A < < Ao f+a X (A < < Ao
=1

for arbitrary A; € A!. Setting A; = P,,, completes the proof. ]

Remark. It looks natural to consider still another product: a X  := aPB :=a = P < B.
Choosing the involution ¥ in such a way that P¥ = P, lemma (2.3) implies (a x 8)¥ =
—a¥ X BY. The product x is thus equivalent to the product x and it is sufficient to deal with
the latter, as long as we restrict our considerations to the algebra A(P).

4.1. Special relations in A(P) and reminiscences of (x)ncKP

The aim of this section is to derive algebraic identities in A(P) which mirror algebraic
properties of the (x)ncKP hierarchy, as derived in [6]. The results will be important in
later sections, where the relation between identities in A(P) and the ncKP hierarchy (and
extensions) is put on firmer grounds.

Lemma 4.1.

n—2

—1 .
Pr=p> P (” )P"""“ &P+ P < p n=2.3. ... (4.6)
r
r=1
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n—2
2 .
P"2o(P<P)=P" <P - (” )PO"’I SPT O n=34,.... 47
r

r=1

Proof. Forn = 2, the first relation obviously holds. Let us assume that the formula holds for
some integer n > 2. Then

n—2

on+l on on—1 n—1 on—r—1 g or on—1
pl=p oP=<P>P —Z( >P X P+ P <P>OP.
r

r=1
Next we use (2.13), P> = P = P + P < P, and (4.3) to obtain
Pl = p s Py pr < p_pxprl_porlip
n-2
_ Z (n - 1)(Pon—r—l §< Por+l + Pon—r >"< Por)
r
r=1

With the help of the combinatorial identity

-1 -1
()= (7)) “
r r r—1
and some simple manipulations, this becomes

n—1

n ~
Pon+1:P>Pon+Pon<P_§ :< )PoanPor
r
r=1

so that the first formula of the lemma also holds for n + 1. The proof of the second formula
can be carried out in a very similar way. O

Let us introduce U, := P and

Up:=(=1)"P<P"?  n=34.. (4.9)

Proposition 4.2.
n—2
1 02 n— 2 r z or
P oUpi = =(Py— PP o U, — [Un, Uylz +Z< )(—1) U X P oUy  (4.10)
2 o r
where [a, Blg :=a X B — B X a.
Proof. First we note that, by use of (2.12), definition (4.9) implies Po U, = —U,41+ P > U,
and, by multiple use of this equation,

P?0U,=Po(PoU,) =—Upr—2PoUyy —2PX U, + P> > U,.
Furthermore, with the help of (2.12), P, = P°2 —2P < P, and (4.7), we obtain
ProU,=(—1)"Pyo(P < P ) =Py > U, +(—=1)"P < (Pyo P""?)

=P > U,+Ups—2(—=1)"P < ((P < P)o P™"™?)
n = n—72 on—r—1 2 or
=P >U,+U,n+2U,;; < P+2(—1)"P < E P x P
r

r=1

n—2
2 )
— Py > Uy + Uiz 42U, < P =2 (” )(—1)’U,,,+1 X P
r

r=1
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Now we can eliminate the products < and > from this expression with the help of our first
result and

n—1

Un+1 <P=- n+2+z< )(_l)rUnrH ;( P

which is obtained by applying P < to (4.6). After simple manipulations and use of (4.8), this
results in the desired formula. |

;)

Next we introduce Hl(m““' = Py, > -+ > Py, and

H" ") = Hy > Py > o > Py, neN 4.11)
where
H,:=H"Y .= p™" neN. (4.12)
Proposition 4.3.
k—1
P,o H™ — P, o H" — Z [H™. H" ], =0. (4.13)
j=1

Proof. Using (2.11) and (4.11), we obtain
k=2

Hk—l o Pm = Hk—l > Pm + ZH] > Pm < Hk—j—l + Pm < Hk—l
j=1

=H"+Y H <P>H_j2+H" <P+P, <P > H_,

k-2
(m) (m) & (m)
H™ = H"™ X He_j_y+ H") < P
j=1
and thus
k—1
Hi_yo Py > Py=H" > P, =Y H" X H",.
j=1
This is used to derive
P,oH" =P, o (P!> P)

=(Puo PN > P+ P = (P 0 P) — H™ > P,

k-1
(m) & py(n)
= Hi1 > (Puo P) — ) HW X H”,
j=1
from which (4.13) follows by anti-symmetrization with respect to m, n. ]

Proposition 4.4.

n—1 m—1
H"D = —P, o HO + H + HY), > " H™ X HV + Y " H" ™" < HV. (4.14)

r=1
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Proof. First we obtain
m—1
Py > P = Hyy _me—r < H,
r=1
by induction on m. This shows that
m—1
Pm > Hn - Hm+n + Z Pm—r ;( Hn+r—l
r=1
holds for n = 1, and the general formula is easily verified by induction on n. According
to (2.10),
n—1
PyoH, =Py > Hy+» H, < Py > Hy_,+H, < Py.

r=1

Using H, < P,, = H") — H™D which is easily verified, this becomes

n+1
n—1
H™Y —H"™ + P, o H, =P, > H, + Z H, < P, > H,_,.
r=1
Now we eliminate all expressions P, > H; by means of the corresponding formula above to
get
m—1
H"™Y — H) + Py o Hy = Hyen + Y Py X Hyapoy
r=1

n—1 m—1
+ Z Hr < (Hm+nr + Z mek X Hnr+kl> .
k=1

Next weuse H, < P,,_, = H m=k) _ Hr(’"’k”). Some rearrangements then lead to (4.14).

r+l
|
Proposition 4.5.
mpp—1
HMems) = F ) g N e k) g ) r=1,2,.... (4.15)
k=1
Proof. By induction one easily verifies that
n—1
Py =H,— Y Py < H.
k=1
Using this in definition (4.11), we find
mey—1
Hrfml ,,,,, Mmeel) H, | > (Hmr+l _ Z Pm,+17k < Hk) - Pmr > Pm1
k=1
my—1
= HIm = N T <o g
k=1
which is (4.15). O

C(ml ..... my) = (_1)n+rpm],“m, < P<I‘l ne N. (416)
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Proposition 4.6.
n—1
CmV =P, o cV i + Cll),+ > Pk — Zc“> X cim=n 4.17)
mpp1—1
Cr(lm] ..... M) Cy([rf];{r.;.l,m,) _ Z Climl ..... m;) 5‘( C}(lnIH]fk)- (418)
Proof. Choose the involution ® such that P = —P. Then P, = —P,, (a X B)® =
—B? X a®, and CMi-mr) = (H,f’”‘ """ ’"’))w. Now our statements follow by application of
to (4.14) and (4.15) O
Let
Amn = %(Pmn _an) = %(Pm <P, — P, < Pm) = %(Pm P, — P, > Pm) (419)
Proposition 4.7.
Apno(@XB)=Apoa X B+a X AyyoB+3(PyoaX PoBf—P,oaX Py,op).
(4.20)
Proof. This follows directly from theorem 4.1. ]
Proposition 4.8.
1 m—1
Amn = _E(met + Pm o Pn) + Hn(;?l +Z Pr X H;ﬁln)r
1 DX ) -
= —5 (Puwn = Py o P) = Coly =Y Cl, X P 4.21)

Proof. Using P,o P, =P, > P,+P, < P, and P, = P, > P, — P, < P, we find
Apn = Py > Pn_%(PmOPn+Pm+n)-
The first equality of the proposition now follows with the help of

Py > P, =H" + Z P X H™",

which is a special case of (4.15). The second equality is obtained by application of “ to
the first. .

Adding the two expressions for A,,, derived in the last proposition, leads to
1 .
A = =3 (Pmm +CU — HY)\ o+ Z W, X P, — P, X HY )) (4.22)
and subtraction yields
P,oP,=C" +H" + Z CW, X P+ P X HY,). (4.23)

As a consequence of propositions 4.4—4.6 and some results of the following subsection
(see (4.35) and (4.36)), the expressions C "1+ and H{™-™) can be iteratively expressed
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completely in terms of only P,,,m = 1,2, ..., the main product o and the X -product. We
will refer to this result in sections 7 and 8.

Equation (4.23) shows that the expressions constructed in this way are not all independent,
but satisfy certain identities, and these actually correspond to ncKP equations. This
correspondence will be firmly established in section 7. At this stage we already recognize it by
comparing identities derived above with corresponding formulae in section 5 of [6], keeping
the relations in the introduction and (3.9) in mind. In this way, the ncKP expression (5.31)
in [6] for ¢, ; finds its algebraic counterpart in (4.23), provided that * corresponds to X .
Such a (at this point still somewhat vague) correspondence is indeed observed between further
(x)ncKP relations in [6] and algebraic identities in this section. The first non-trivial equation
which arises from (4.23) is the one with m = n = 2 and yields

4PoPy— P* —3P,oP,=6Po(PXP)—6(PXP,— P, X P) (4.24)

which should be compared with (1.13) (see also the end of section 5.3).

Taking further algebraic objects built with < into consideration, we obtain additional
identities. With the choice {P,, A,,,} we have the identities (4.22) and a correspondence with
xncKP equations is achieved (cf (5.30) in [6]). This will be made precise in section 7.2. Since
the basis {Pml___,,,k } of A(P) contains more objects, one should expect that an extension of the
ncKP hierarchy exists which contains counterparts of all of them. This expectation will be
confirmed in section 8.

Let us recall the underlying idea which might have got lost during the development of
so much formalism. In the partial sum calculus realization, identities such as (4.23) become
relations between sums where the summations run from 1 to some number N € N. The latter
number is completely arbitrary, however. Hence we obtain families of sum identities if we let
N run through the natural numbers. Mapping the original identities in .A(P) properly to partial
differential equations, as sketched in the introduction, the resulting differential equations will
be solvable by the ansatz (1.7) and thus admit KP-like soliton solutions.

4.2. Symmetric functions
A simple calculation yields

n—1
P,oH, =P, > H,l+ZH, <P,>H,,+H, <P,

r=1
n—1

= P, > Hn"'ZHrfl > (P > Py — Pyw1) = Hy—r
r=2

+(P > Pm_ m+l) > H11—1+Hn < Pm

n—1 n—2

=Py>Hy+Y Ho > Py>Hy, =Y Hy > Py > Hyp
r=1 r=1

- Pm+l > Hn—l + Hn > Pm - Hn—l > Pm+1- (425)

Summing this relation properly, we obtain

nH, =Y P oH,, neN. (4.26)

r=1
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A similar calculation, or a simple application of the involution ¥ to the last formula'®, leads to

nC, = Z(_nr*lc,,_, oP, neN (4.27)
r=I1
where
Cp =P =(=1)"CcV neN. (4.28)

Defining generating functions (with an indeterminate A) by
H(\) =) H,\" C) =) C,\" P():=) P (4.29)
n=0 n=0 n=1

where Hy = Cy = I with a unit'® J of the o-product, allows us to express (4.26) and (4.27) in
the form

d d
—HMX)=PA)o H(A —C@) =P(—=A) o C(N). 4.30
dx() (A) o H() d}\() (=2) o C) (4.30)
Setting
~ P,
P = = —\" .
) /P(x)dx > s 4.31)
n>1
we find
H() =ef® C(h) =e FCM (4.32)
where the exponentials are built with the o-product. This implies C(—X) o H(A) = I and thus
> (=1)'CroH,_, =0. (4.33)
r=0
Moreover, recalling the definition
eX=t W =N " (x1, X, X3, DA (4.34)
n=0

(with commuting variables x;, k = 1, 2, ...) of the Schur polynomials, we obtain

Hy = xu(P. P2/2. P3/3,..)= Y z;'P/" 00 P"™ (4.35)
[l=n
Co=ED" (=P, —P2/2,—P3/3,...)
= (=" Y g (=M P oo P (4.36)
[ul=n

where the sum is over all partitions © = (1"2"2...n") of n (sothatn = m 1 +my2 +--- +
mun with m, € N U {0}), and

2w = [r"m.t. (4.37)
r=1
Writing P = Z@l prey in the case of the partial sum calculus,
N
n(P) =Y p} (4.38)
k=1

18 If we choose the involution ¥ such that P¥ = P, then P,V = (—=1)""'P, and C,¥ = H,.
19 Here the unit element / is only introduced temporarily in order to achieve compact expressions in terms of the
exponential function.
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is the nth power sum,
INC) = D P, (4.39)
1<k <<k, <N
the nth elementary symmetric polynomial, and
SvHD) = D puccpk, (4.40)
ISk <<k SN

the complete symmetric polynomial of degree n in N indeterminates py, ..., py [35].

Remark. Applying the Rota—Baxter operator R defined in (3.10) to C(A), using (4.28),
(4.29), (4.32) and (3.12), leads to

R(egm—*)) = Z,\"R(R(- “R(R(P)e P)e---)e P). (4.41)
n=0
On the other hand, according to (3.14) we have
R(e;7CH) = e RPCM), (4.42)
With the help of In(1 +x) = — Z@l (—=1)"x"/n, we can write

P(=1) =Y (=1)"P*"i"/n = —In,(1 + LP). (4.43)

n>1
Hence

ZA"R(R(~ --R(R(P)e P)e---)e P)=cxp,(—R(In,(1 + LP))) (4.44)
n>0

which is the famous Spitzer’s formula [14, 16, 36-38].

5. Embedding of .A(P) into an algebra generated by two elements

In the previous section, we suggested a correspondence between identities in A(P) and
the ncKP hierarchy (and certain extensions). Writing P = Zn>1 Pney, in the partial sum
realization and taking a look at the algebraic identities presented in the introduction, one
immediately concludes that a second element Q = Zn>] qney is required. But in this section
we show that it is actually sufficient to restrict considerations to A(P). This covers an
important aspect of our framework (see also the conclusions). The material of the present
section is, however, not used in the following sections.

In the following, (A(P), e) will not be regarded as unital, i.e., we exclude a possible unit
element E. It is convenient (though not necessary) to augment the algebra .4 by a new element
I. The necessary preparations are presented in the next two subsections. The third subsection
presents the main result, namely the existence of an ‘embedding’ W of A(P) into an algebra
generated by two elements P, O such that certain homomorphism properties hold. The last
subsection contains supplementary material (a generalization of symmetric functions).

5.1. The augmented algebra A
The new element / will be required to satisfy

I <a=a=a<1 I>a=a=a>1 loo=a=aol ;.1
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which implies

ael=]ea=0. (5.2)
A further consequence is

(x> <B=a=<p a>U=<pB)=a>p (5.3)

which shows that we are forced to give up associativity in these particular combinations.

The augmented algebra A is again a graded algebra, with A° = 4, = KI and
A=@, 50 A =P, A where I ~ A7, A, ~ A, forr > 1.

With each A € A' we associate products via (2.30) and (2.31) which are essentially>’
combined associative with all other products defined so far, with the exception of the main
product, and thus also among themselves. In particular, we have

(@Ap)By = cA(BBy)  («Ap)By = aA(SBy) (5.4)
forall A, B e A',a,B,y € A, and

(@AB)By = vA(BBy)
N - B#1 (5.5)
(@AB)By = aA(BBy)

so that we are allowed to drop the brackets and simply write, e.g., tABBy if 8 # I. Since

IAI = A JIAa = A > « dAl =a < A (5.6)
IAI = A JAa = A <« dAl =a > A (5.7)
we can express any element of A in terms of these operators. For example,
Al > A2 < A3 < A4 > A5 = (Al > A2 < A3)A4A5
= (A1 > ADASDALUAD) = (TA1(TA2D)As DAL (TAST)
= (IA;(IA,DASDAL(IAST) =: TA|(IAL1)(AsDAL(IAST)

where we introduced a simplified notation in the last step. The remaining brackets take care
of the non-associativity of certain products with /. In the same way we get

Al = Ay < Ay < Ag = As = (IA DAL (TA3)(TALDAs]T.

Eliminating the / at both ends, we obtain two linear maps, o — @&, respectively o +— &. In
particular,

Al > Ay < Ay < Ay > As 5> AL(TALD (A3 DA4(TA5)
Al > Ay < Ay < Ag = As > (A DAL(TA3)(TALD)As.
The following properties are quite evident:
a < B @nhp o> p¥alp)
o< Br>adp) o> B> (al)B.
The identities (2.10) and (2.11) can be written as

Aoa = IAO[ + Z(X(UAO{(Z) + OZAI =: Z/O{(I)Aa(z) (58)
a0 A= ]AO{ + ZO&(UA(XQ) + OlAI = Z/O{(l)AOﬂ(g). (59)

20 Non-associativity only appears in special expressions involving I.
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5.2. The augmented subalgebra A(P)

Let A(P) be the subalgebra of A obtained from the algebra A(P), which is generated by a
single element P € A', by augmenting it with /. Then

P, =1P,I neN. (5.10)

Clearly, (A'(P), o) is commutative, and thus also (A(P), o) according to theorem 2.1.

Lemma 5.1. The following identities hold for all n € N,

P,.. =PUuP,) — PP, (5.11)
P, = PDP, — P(IP,). (5.12)

Proof.
aPpp=a<(P>P,—P<P)>p=aP(P,>B)—a < (PP,p)
= oPUP,)B — (@PDP,B.
The second identity is verified in the same way. (]

The product x introduced in section 4, extended to A, is essentially associative:
@xB)Xy=ax(Bxy) Vo, B,y € A(P), B#I (5.13)
Note that
IxI=—P IXa=—-P>« axl=—a<P. (5.14)

By iterative use of (5.11), we can express P, in terms of only / and the product x. For
example,

P> = aP(IP)B — aPDHPB = —a X (IPB) + («PI) X B
=ax(IXB)—(axI)Xxp. (5.15)

Since we have
P, < P, = P,P,I P, > P, =IP,P, (5.16)

and similar formulae for expressions of higher grade, it follows that the algebraic structure
of A(P) can be expressed completely in terms of the element / and the product x . Further
examples of expressions in terms of I are C, = I (PI)", H, = (IP)"1,

and (cf (5.8))

A A

k
Pyo P = ((IPu1)- - (P, 1)) Pu((IPy,, 1)+ (P 1)) (5.18)
1=0
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5.3. The embedding

Let A(P, Q) denote the subalgebra of A generated by two fixed elements P, Q € Al with
the property P e« QO = Q e P, so that (A", o) is commutative and then, by theorem 2.1, also
(A(P, Q), o). Let us introduce the product

axfBi=—aTf=a>0<p—a<P>p8 (5.19)
where

T:=P-0Q. (5.20)
The product x is essentially associative, i.e.,

(@xp)xy=ax(Bxy) (5.21)

forall a, B,y € A(P, Q) with B # 1.
Next we define a linear map ¥ : A(P) — A(P, Q) by W(I) = I and the homomorphism

property

Y(a x B) =W(a) x ¥(B) Ya, B € A(P). (5.22)
Since I generates A(P) using the product x , this defines W on A(P). In particular, it leads to

U(P)=—-VUX)=-V)x¥([)=—IxI=P—-Q=ITI (523)
and

V(P >a)=ITV(x) V(< P)=V¥(TI. (5.24)

Resolving the definitions of the two products in (5.22), the homomorphism property of W
reads W (aPB) = W(x)TW(B), which can be expressed in the short form W (P) = T.

Proposition 5.1.
vP,) =P, —Q, n=12,... (5.25)
where f’n and Qn are determined by P, = P*" and Q, = Q°®", respectively.
Ijroof. By construction of W, (5.25) holds for n = 1. Let us now assume that \D(f’,l) = f’n —
Q, =: T, holds for fixed n € N. Then W applied to (5.11) yields
V(P ) = V(@P(P,)B) — V(aPDP,p)
=—W() x VUIP,B) — V(aPDT, ¥ (p)
= V(@)TW T,V (B)) — (V()THT,V(B)
= V() (TUT,) — (TDHT,)¥(P).
Making use of (5.4), (5.11) and (5.12), we find
TUT,) — (TDT, = P(IP,) — PHP, +QUQ,) — QNQ, = Pri — Qo
Hence ¥ (P,,;) = P,.1 — Q.1 which completes the induction. ([l
Resolving the definitions involved, (5.25) reads
VU< P, >p)=¥(x) < P, > V(B) —V(x) > O, < V(P). (5.26)
In particular, we obtain
V(=< P)=V¥(x)< P, —¥(a) = 0,
V(P > B) =P, > V(B)— Qn < ¥(B).

(5.27)
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Theorem 5.1. The map WV defined above is a main product homomorphism, i.e.,

W(aop)= W) oWp) Va, B € A(P). (5.28)

Proof. First we prove this property for «, 8 € A'(P). It is sufficient to consider
W(P, o P)=WV(P, » P+ P, < P,) =V(UP,P, + PP,I) = IT, T, + T,T,I
:PrO(Ps_Qs)_(Ps_Qs)erZ(Pr_Qr)O(Ps_ Qs)

where T, = IA’, — (V),, T, := P, — Q, (in deviation from our previous notation), and we
used the commutativity of the main product in the last step. Hence (P, o P;) =T, o Ty =
W(P,) o W(P,) and thus W(A o B) = W(A) o W(B) forall A, B € A'(P).

Next, we show that W (Ao ) = W(A)oW(B), VB € A(P). It suffices to consider A = P,
and

N

B=Pu <+ <Py =(IPy, 1)y, 1) - (P, 1).
By use of (5.18) and proposition 5.1, we find

V(P 0B) = W(B1P.Be) = Y W(Bu)T. ¥ (Ba).
Iterated application of proposition 5.1 leads to
W(Py, <+ < Pp) = V(I 1)+ (P, 1)) = (ITy, 1) -+ (T, 1)
W (P, <+ < Po) = V(P 1) (P, 1)) = (ITp, 1) -+ - (Tin 1)

and

W(B) = (ITy0) -+ (T, 1) (T 1) -+ (T 1)
so that

V(B =¥(Ba) V() =V(Bw-
It follows that

V(P 0p) = WB T V(B

’ A / v
=> WP PYB - D VB QY Be
=P, oV (B)—W(B)o Qn=T,0¥(p)
where we used (2.35), (2.36), and again the commutativity of the main product in the last two
steps. This implies W(A o ) = W(A) o W ().

Finally, we prove our assertion in the general case by induction. We assume that it holds
for all « € A™(P) where 1 < m < n for fixed n, and all 8 € A(P). The induction step is
then carried out with the help of (2.17), i.e.,

(P, =a)oB=1P.(aopf)+ Y BuP(aopu)+pPa=>" BuP.(xopu).

Applying W and using proposition 5.1, leads to
V(P = a)oB) =Y (BT ¥(@oBa) =) WEBnHT¥(@ o WPy

=S WB B @) o ¥ — Y W B QY@ o W)
= (P, > V(@) 0 W(B) — W(B) o (Q, < ¥(@))
—W(P, > a)o ¥(p)

where we made use of (2.17), (2.18), and the commutativity of the o product. This implies
that our assertion also holds for & € A" (P). O
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For generic Q, the map ¥ : A(P) — A(P, Q) is injective. It follows that ¥
is an isomorphism of the (double) algebras (A(P), X ,o0) and (A(P/Q), x,0) where
A(P/Q) := W(A(P)).2! Applying W and afterwards T to the identity (4.24), for example,
we recover the algebraic sum identity (1.13).

5.4. ‘Supersymmetric’ functions
Let us introduce
8 T, = ~
TO):=) —a":=P0n) - 00 (5.29)
n>1 n
where P (1) is given by (4.31) and Q(A) is defined in the same way (with P replaced by Q).
Using the commutativity of o, we obtain
HP10() =Y HPI" = eT® = &P 0e70% = HP (1) 0 C2(-2) (5.30)
n>=0

where H” (1) is given by the first of relations (4.32), and C2 (1) by the second with P replaced
by Q. Hence

HI'C =3 (—1)""H o CZ,. (5.31)
r=0
In the same way, we obtain
CPIoG) =Yl = e T CcPIe = (—1y"H2/". (5.32)
n>=0

As a consequence of theorem 5.1,
H'? =w(H]) cl'? =w(cr). (5.33)

n
Using P = Zn>1 pnen and Q = Zn>1 gnen in the partial sum calculus, we obtain

N
() =Y (pk — 4f)- (5.34)
k=1
A function f(pi,..., PN, q1,--.,qn) is called doubly symmetric if it is invariant under
permutations of pi, ..., py, as well as permutations of ¢, ..., gy.>> A doubly symmetric
function is called supersymmetric if the substitution g; = p; results in a function which is
independent of p; [40].>> Together with 1, the sums (5.34) actually generate the algebra of
supersymmetric polynomials of N + N indeterminates [40]. Then X N(C,f/ Q) and Xy (HnP / Q)
are the elementary, respectively the complete supersymmetric polynomials (see [42]).

6. From A(P) to the algebra of ¥YDOs

In the following, R denotes the K-algebra of formal pseudo-differential operators generated
by a generic** L of the form (1.2) with the product * and the projection ()>¢. For X, Y € R,
XAY ZZX)O*Y>()—X<0*Y<0
=X>()*Y—X*Y<()=X*Y>()—X<()*Y (61)
21 From the construction of W it is evident that the elements of A(P / Q) are invariant under simultaneous translations
P> P+A, QO Q+Awithany A e Al suchthat AeP=PeA=0andAeQ=QeA=0.
22 Generalizations are sometimes called ‘multi-symmetric functions’, see [39] and the references cited therein.

23 Such functions have been called bisymmetric in [41].
24 In the sense that no non-trivial identities should hold in R.
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defines an associative product?

A has the property
res(X AY)=0 VX,Y e R. (6.2)

R x R — R. As an immediate consequence of its definition,

In this section we consider A(P) not as unital, i.e., we exclude a possible unit element from
the algebra. A corresponding extension is certainly possible, but not needed for our purposes.
Let ¢, r : A(P) — R be the two linear maps defined iteratively by £(P) = r(P) = L and

la < P)=—l(a)o*L Lla > P)=4L(a)x0* L (6.3)

r(P <a)=—Lx*xr(a)xo r(P>a)=Lx*xr(a). (6.4)
The pseudo-differential operators defined by

L E(Pml...mk) (6.5)

will be important in the following. In particular, they are used to define operators &, ., in R
iteratively by

k—1
Smyom L = —[L"5"™ L1+ Y (8my.m, L) LT3 (6.6)
j=1
Sml...mk (X>0) = (Sml...mk X))() (67)
and the generalized derivation rule
k
8m1...mk (X * Y) = Z (aml...m/ X) * (5m/-+|...mk Y) (68)
j=0

where 8, ., = idif j = 0and §y,,,..m, = idif j = k. We already met the simplest members
8, of this family in the introduction, for which the last formula reduces to the ordinary
derivation rule. After some preparations in the first two subsections, the third demonstrates
that the §,,,.,,, commute with each other. In the last subsection we explore properties of the
linear map ® : A(P) — Ry defined by

O () :=res(l(x)) Ya € A(P). (6.9)

This map will play a crucial role in the following sections. The reader may jump from here
directly to section 7 and skip the more technical subsections on first reading.

6.1. Properties of the maps £ and r

Lemma 6.1.
LPy) =L" =r(Py) n=12,.... (6.10)

Proof. Using the definition of £, we find
L(Pp1) =b(P, o P)=4L(P, > P) —4(P, < P) =4(P)so*x L+L(P,)o*x L =4€(P,)*L.

Now the statement for ¢ follows by induction. The corresponding statement for the map r is
obtained in the same way. (]

25 This product already appeared in [24]. Tt is an example of an associative product defined more generally in the
framework of Rota—Baxter algebras, see appendix A. Indeed, R(X) := X defines a Rota—Baxter operator on the
algebra (R, *). Then X AY =R(X)* Y+ X« R(Y)— X xY.
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Lemma 6.2. Forn € N we have

La < P) = —L(a)o* L" (6.11)
Ua = Py) = L(a)»o * L" (6.12)
r(Py <a)=—L"xr(@)>o (6.13)
r(P, = a) = L" xr(a)<o. (6.14)

Proof.
o < Pyy)) =4(a<P,eP)=4(( < P,) > P)—£L((x < P,)) < P)
=Lla<P)soxL+lla<P)oxL =4La=<P,)*L.

Together with £(«¢ < P) = —{€(a) <o * L, the first relation of the lemma follows by induction.
The other relations are obtained in an analogous way. O

By iterated application of the preceding lemma, we obtain
L= (=D (LM co % L™) <o )< % L) o % L™ (6.15)
L= Py ) = (=D)L s (L7 % (L (L™ % L™ 50) 50 - )30)20. (6.16)

Since the elements P, ,, defined in (4.4) span A(P), this allows us to compute £(«) and
r(a) for all @ € A(P).

Proposition 6.1. In terms of > RX = X>0 and XR = X _o the following identity holds
inR,

X % BXo#--% BXy =X, R %---% X, R % X
k—1
+3 R+ X, R X)) 8 (Xju % RXjua - % KX, (6.17)
j=1

Proof. The formula is easily verified for k = 2. The general formula is proved by induction
on k. For k + 1 we write the left-hand side as

Xl *?Xz*-”*ﬁxkﬂ = X1 *ﬁXz*-“*?Xk,l *ﬁ(Xk*ﬁka)
to which we can now apply the induction hypothesis. After use of the identities

Xp % R Xpar = (X R) % Xppt + Xp A Xy

and
Y # (X & Xert) — (Y % (RXO)R s Xpor — (V% X0) A Xpsy =0
forYwithY = YR =Y <0, the formula with & replaced by k + 1 results. ]
Corollary.
k-1
Zml ..... M M ZLml ..... mj p imm ..... my (618)
j=1

26 This notation avoids complex nested expressions such as those in (6.15) and (6.16). For example, X * TQ)XZ *
ok RXp = X1 % (X % (.. (X0) 20020 ) 0.
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and thus
r@) =L@ — Y Lam) A r(e) Yo € A(P). (6.19)
Lemma 6.3.
k—1
(B o Bi) = Ly L L 1 L
Jj=1
+L" 5 Ly Z L™ AP (Po,ym, © Pa).- (6.20)

j=1
Proof. Using (2.13), the commutativity of o, and (2.7), we find
Puy.ny © Py = (P, < Pouymy) © Pa
= (Py, 0 Pu — Puy < Pu) < Py + Py < (Pinyoon, © Pa)
= Py > Py + Py < (Pryem, © P)
so that
Py © Pu) = 1 (Puy < Poyeon, © Pa) +7 (P > Ponyomy)
= —L(Puw,) * r(Puy.om; © P,l) +L(Py) %7 (Prymy) g
= —L(Pu,) _o * 7 (Puy.oon, © Pu) = €(Pun,) & 7 ( Py, © Pr)
+L(Py) %7 (Pymy) g
and
E(Poy) o %7 (Pongeony © Pu) = £(Pun,) _o % (r(Pomy < Punyomy © Pu) +7(Pu > Puymy))
= Do * (ZL" 57 (Pogmy © Pa) 5 +7(Pa > Posm,))
2) #7 (P WOPH)>0+€( ) <0 *7 (P> Puymy)
2)<0 7 (Puseny © Pu) + €(Puyiy) &7 (Pyon, © Pa)
)

n
*x L *r( .

(P,
= (P,
={(Pn

1mz
1m

+ (P

By iteration, we obtain

<0 )<O'

k—1
r(Pml...mk o P ) - e(P ) *V( mi.. mk) <0 - K(Pml...mj) A r(PmFM...mk ] Pn)

j=1

k—
- ZE(Pml...m,-)<0 * L" % r(ij+1...mk)<0 - E(Pml...l11A,1)<0 * r(Pmk o Pn)
j=1

Next we convert the last term:
C(Puymi) o %7 (P © Pu) = €(Prnyme ) o ¥ 7 (Pmy < P+ Py > Puy,)
= L(Pmyomy) g% (= L™ x L5+ L" 5 r(Py,) _,)
= L(Puym) ¥ L0+ €(Poryomy ) o % L %7 (Pu,) g
= L(Poyom) o * L™+ L(Poryoom) D7 (P) + (Poryom ) g % L" %7 (Pu,) -

Insertion of this result into the previous formula yields (6.20). ]
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Lemma 6.4.
k
r(Pml...mk o (Pn < Ol)) =—L" % r(Pml...mk o 05)20 - ZL’;B'“*’”J * L * r(Pm,'nmmk ° 01)20
j=1
k
= DL A (P © (Py < @) (6.21)
j=1

Proof. First we note that (2.20) implies the identity
Puim o (Py<a)= (Pm, < sz___mk) o(P, <)
=P, < (sz---mk o (P, < cx)) + P, < (Pml...mk o Ol) + Py < (sz---mk o oz)
so that
F(Poyomg © (Py < @) = —L™ 51 ( Py, © (Py < oe))20 — L" 5 r(Ppymg 0 @)
— LMy F(sz...mk o a)>0
= —L" % r(Puym, © (Py <)) = L™ A (P, © (Py < @)
—L" %1 (Py,..m, © a)20 — L™ s r(Pyy.my © a)20.
This is a recursion formula, so we can rewrite the first term on the right-hand side as follows:
L7 % r(thmk o(P, < a))
= L") % (=L % r(Puy.m, o (P < @) = L" %7 (Poy.my © a)
— L™ % r(Ppy.m, © a)>0)
= LM g r(Pm3...mk o (P, < a))>0 — L") L" % r(sz___mk o Ot)>0
+ LM Lk r(szmmk o Ol)>0
= L"" s r(Puy.m, © (Py <)) + L™ A r(Ppyymy 0 (Py < @)

m n mip,nmy n
—L" % L" % r(Poy..m, oa)>O+L % L" %7 (Pyy.m, 0 @)

>0

>0

20"
Hence we obtain

F(Poymg © (Py < @) = —L"5™ 57 (Pyymy © (P < @) — L" 5 7(Pyyy .y © @)
— L%y # L" %7 (P 0 @) 5 = L™ 5 L" 57 (Prym, 0 @) 5

L™ A V(sz...mk o(P, < a)) — LA r(Pm3...mk o(P, < oz)).

>0

In the next step we proceed as follows:
L"5™ 5 Py © (P < @) = L™ 7 (P, © (P < @)
+ LS N (P © (Py < @) — L™ 5 L™ 51 (Pyyy.m, © @)

mi,my,m n
+ L7 i [ *F(Pm4...z71k00l)

>0

>0
and so forth. In the last step, we have to use

Puo(Py<a)="Py <Py <a+P, < (Pyo0a)+ Py <a
which follows from (2.12) and (2.7), so that

L2 " s (P 0 (Py < @) = LS5 "™ s L™ s r (@) 50 + L"™™ A r(Py < @)

Finally we obtain (6.21). |
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6.2. Properties of the generalized derivations

Lemma 6.5.
k=1
(Sml...kan — _[erb ..... mk’ Ln] + Z (5m1...m,»Ln) " LVZ(,’)H ..... mg (6.22)
j=1
k-1
S L = L2577 L] = 3 (Song, L") % LEG ™ (6.23)

Proof. By definition, the first equality holds for » = 1 and arbitrary k£ € N. Fix k and n and
suppose it holds with & replaced by any j € N with j < k and n replaced by any m € N with
m < n. Using this and the generalized derivation property, we find

k—1
+1
3]71]...kan = ((Sml...kan) * L + Ln * (Sm[...ka + Z (Sml...mj Ln) * 8m,>+1...ka
j=1
k—1 k—1
mi,..., my n+l n Mgy, my

- [L<0 ’ L ] + (8’"' miL ) * (8m1+l m/L) * L<0

i=1 j=i
k—1
n M jigl,eees Mg
+ Y Lk (8, L) % L
Jj=1
k—1 J
mi,..., m +1

= —[L2% " L™ D D G L) Sy L

j=1 \i=1
n Mjilseny my
+L" % 8m,__m]L> * L_g

k—1

_ my,...,mg n+l n+l Mjslsenes my

- = [L<() ) L ] + (8ml...m,-L ) * L<()
j=l1

so that (6.22) also holds for n + 1. Our second expression for §,,,.. ., L" now follows with the
help of

[Lib,..,,mk, L”] = [Lml,...,mk — erb ..... e Ln] — _[thl) ..... Mt L L”] B [LV:E) ..... me Ln]
_[Lz(l) ----- mk—l’ L”] % LM — [Lr:(l)""’m/" Ln]

k=2
_ n n Mty Mp—1 my my,..., my n
- 5ml...mk,lL - E (smlm,L ) * L<0 * L - [L<0 ) L ]
j=1
k—1
_ n Mgy, my my,...,mg n
= ((Sml...m/L ) * L7+ - [L<0 ’ L ]
Jj=1 ]

In particular, we have
8m(8) = 8u(L>0) = (6wL) >0 = (=[(L") <0, LD 0 = 0. (6.24)
By induction, using (6.22), it follows that
Smy..m () =0 k=1,2,.... (6.25)
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Using the fact that 9~ is the inverse of 9, this in turn implies
Smyom, (3 =0 k=1,2,.... (6.26)

The main result of this subsection is stated next.

Proposition 6.2.

k—1

Sy @) = £(Po om0 @) = Y (P, 0@) AF(Poyym,)  (6.27)
j=0
k

Sy (@) =1 (P 0@) + Y &(Poym,) A7 (Popym, 0@).  (6.28)
j=1

The remainder of this subsection is devoted to the proof of this proposition. Let us define

k-1
8 m @) = €(Poyy.m, 0 t) Zz sy 0 &) AT (P ) (6.29)
j=0
k
S omd @) =7 (P 00) + > L(Puym,) &7 (Puyme 0).  (6.30)
j=1
We have to show that &, ~ —and 8, coincide with 8, ., on £(A(P)), respectively
r(A(P)).
Lemma 6.6.

8 =8 L"=8,. mL" 6.31)

mi.. m/‘ my...amg
Proof. First we note that

k
8;,/1].“ka” = a;él...mkr(Pn) = r(Pml...mk o Pn) + ZE(Pml...m,-) A r(ijH“.mk o Pn)
=1

which can be further evaluated with the help of (6.20),

miy...mg

5// Ln — —Lilé) ..... my * Ln _ 2 :Lml ----- mj * Ln * I:mjn ----- my + Ln % Lm1 ..... mk.

Next we use (6.18) and (X A Y)_o = —X_ * Y_ to obtain

k—1
" n my,..., my nl __ ml ----- M j n FMjtlsee, my
S o L H[LTG ™ LT § L") L7 )
J=1

Using this formula, we will prove by induction that §”,
(6.22). For k = 2, the last relation reads

L" equals the right-hand side of

my...myg

s L' = _[erbmz Ln] _ [Lrg(l)’ Ln] i %) — [Lr:;)mz Ln] (Sman) * Lmz

mlmz
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where we used §,,L" = —[L", L"]. Let us now fix k and assume that Sy L = mym, L"
holds for my, ..., m; with 2 < j < k. Then it also holds for k + 1 since
k
7 my,..., My _ Mmy,...,m; S ] e M)
8m1...mk+1Ln+[L<(]) g I’Ln] - _Z[L<O ,’Ln] *L<6
j=1
k koj-1
Mitls..ns My Mgl seens m gy My
— Z ((Sml... /.L”) L<(/)1 kel Z (aml...m Ln) L<101 j L<61 K+l
j=1 j=1i=1
k k—1 k

= 37 G L)L =3 () 3 L A

j=1 =1 j=l+1

k
n Mijil,..y Miy1
= § (8myoom, L") % L

k
mp,..., m; F M jtlseees M+l F Mgy, Mper g Mislyeeny M1
2 : L<O >I<L<O _L<O L<0 .
Jj=l+1
o _ . S
The equality §,, ,,, = m,..m, is obtained in the same way.

Lemma 6.7. The following are identities for alln € N,

k
8;n1...m1( (E(Ol)<0 * Ln) = Z (8,/;11___,".,[(0[)) <0 * 8m,-+1...mk L"
=0
! k
8;7/11---”11( (Ln * 7’(0[)20) = Z (5’”1“'me") * (8;'/1,f+1~~mkr(a))20'
Jj=0

Proof. Using (6.21), we obtain

k
mi,..., m;
Srrm " (Pa < @) = =L" s (P 0 @) g = Y L5 5 L 5 (P g 0@
j=1
and thus
k
” n ” Mmy,....m; n
(Sm]...mkr(P" < Ol) =—L"x (Sm]...lnkr(a)?() - Z [LQO j’ L ] * r(ij+1---mk o Ol)
=1

k
= —L"x 8,/7/“___,”kr(ot)>o - Z (8'"1-»»'"1[’”) * r(Pm/+'~~~’"k © 01)20

(6.32)

(6.33)

>0°
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k—1 k

+ Z my Z E(Pmlﬂ...m,-)}() * V(ijH...mk o a) 20

=1 Jj=Il+1
5;,,11 mkr(oc)>0 (Bml...kan) * r(a)ZO

Z

mi r(Pmm...mk o (X)
B

—L"

k—
+ Z m1+1 m/ A V(ijummk 00‘));0
j=l+1

—L" %8y, (@30 = (8mym L") * 7(2) 30

Z mi.. m1 81,7,11+1 mkr(a))

=1

k
"
= Z mi.. ml 8m1+1 mAr(O[))
=0

The proof of (6.33) is completed by inserting » (P, < @) = —L" *r(a)3o. The other identity
can be proved in a similar way. ]

For the moment, let us simply write " instead of 8;,1 e By iterative use of (6.32),
respectively (6.33), we find

80(Payny) = (DTS @G LR 5k (8, L) R * (5], L")
8"r(Puyn;) = (=177 (8 L") % R (83 L") % -+ % R (8] L")

using the projection operators defined in proposition 6.1 and a Sweedler notation. According
to lemma 6.6 we may drop the primes on the right-hand sides of these equations. Using the
generalized derivation property of §,,, _»,, we obtain

SU(Pay.n) = 8E(Purn)) 81 (Parny) = 61 (Pay.oy).

Since the elements Py, span A(P), this proves proposition 6.2.
6.3. Commutativity of the generalized derivations

Lemma 6.8.
k—1

(P, © ) = S L) + D Syn @) & (P, (6.34)
j=0

Proof. By induction. For k = 1 this follows directly from (6.27) using r(P,,) = £(P,,). Let
us fix k and assume that (6.34) holds for 1 < k' < k. Starting with (6.27), we obtain

>~

E(Pml...mkﬂ o a) - 3/71]...}711(”{(05) = ZE(Pmlmj o a) A r(ijH...mkH)
j=0

k
= Z mi.. mjg(a) A F( Mmjyg.. mk+])
Jj=0
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j—1

k
+ZZSMI m,g(()[) A e ml+] m/) A r(ij+Iwmk+l)

=0

[=)

M» T

Sunr.ean @) & 1 (P e )

j=0
k—1 k

+ 8m1m1€(a) A Z E(Pmp,l...m,') A r(Pm,H...mk“)
=0 j=l+1

8m| mjﬁ(a) A }”( M. mk+])

|
'M”

Jj=0
k—1
+ Smlmmlz(a) A (E(Pmmmmkn) - r(Pmt+1---mk+1))
=0
k—1
= ml m/‘e(a) A r( mm) +28m1 ij(Ol) A E( M. m}(+[)
=0

k
Z my...m; ﬂ(a) Az M1 mHl)

=0
Hence (6.34) also holds for k + 1.

Proposition 6.3.
k

Sy, (L() A TP(B)) = Z Py, 0&) A1 (Poismg © B).

Jj=0

Proof. With the help of (6.34), we find
k

E(Pory.can; 0 &) D7 (Ponjuyom, © B)
j=0

|
M~

Sy £(@) &7 ( Py, © B)
J

Il
~ O

j-1
+ Bml m,Z(Ol) A E( M1 ) A r(Pm,-Hmmk o :3)
j =0

—_

8m1 -m; E(a) A r( Mjy1...Mp Oﬂ)

Il
-M’“]

j=0
k—1 k

+ Y S @) & U(Pogrn,) &7 (Ponsuym 0 B)
1=0 j=l+1

~
|

k

]
+8m..m () & T(B)

Il
o

j=l+1

(6.35)

Sy () A (r(Pm,H...mk 0B)+ Y U(Purom;) &7 (Porysr.om, oﬂ))
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k—1
=D S @) A S (B)+ Sy m L(@) AT (B)
1=0
k
== 8m1...m,e(a) A 8m_,-+1...mkr(ﬁ)~
1=0
This equals &, _m, (£(ct) A r(B)) by use of the generalized derivation rule (6.8). O
Theorem 6.1.
[(Sml...mka 8,,1,”,1,] =0. (6.36)

Proof. Using (6.28), we obtain

k

Sy S (@) = F(Poryoomy © Payony 0@) + > L(Pyn,) D7 (Parysr oy © Py 0 )
j=1

1

+ Z Sm]...mk (E(Pnlmnj) A r(Pn/-H...n/ o 05))

j=1
where, according to (6.35),

8m1...mk (E(Pnlmn/) A r(Pn/H...n/ o 05))

|
M~

K(Pm]...m,, o Pn,...n/-) A r(Pmp,,l...mk o Pn,-,,]...n, o Ol)
0

~
=

E(Pml,,,mp o Pnl,,,nj) A r(Pm,,H...mk o Pn,-,,l...n, o Ol)
1

p
+£(Pn1...nj) A r(Pmlmmk o PIII'H...I’U o Ol).

The commutativity of the o product now implies that [(Sml...mka 5n1...n,] =0onr(A(P)). A
similar argument shows that this also holds on £(A(P)). The generalized derivation property
(6.8) extends this commutation relation to the algebra generated by £(A(P)) U r(A(P)) and
d~!, taking (6.26) into account (and using the product * and the projection ()¢). But this
reaches the whole of R. O

6.4. Taking the residue

In this subsection we explore the properties of the map ® defined in (6.9). According to (6.18)
and (6.2) we also have ®(«) = res(r(«)). An immediate consequence of (6.10) is

®(P,) =res(L") (6.37)
and from definition (6.5) we get

D( Py, ) = res(L™"). (6.38)

Proposition 6.4.

D(a < B) = —res(f(a) *r(B)>0) (6.39)
P (a > B) =res(l(a) xr(B)<0). (6.40)
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Proof. For 8 € A'(P), it is sufficient to consider
res(f(o < Py)) = —res(b(a) < * r(Py)) = —res(l(a) * r(Py)>0)

by use of (6.10) and (6.11). Let us assume that (6.39) holds for 8 € A(P) of degree < n, and
for all @« € A(P). Then (6.39) also holds for 8 € A(P) of degree n + 1 since

res(f(a < (Py < B))) =res(f((a < Pp) < B)) = —res(C(a < Py) *xr(B)>0)
=res((a) <o * L™ xr(B)>0) = —res(€(a) < * r (P < B))
= —res(€(a) * r (P, < /3)20)'

The proof of the second relation proceeds in the same way. ]

Theorem 6.2. @ has the following homomorphism property:

®(a x B) = P(a) * D(B). (6.41)
Proof.
Do xpf)=—P(a < P> p)=res(l(a)<o* L *r(B)o)
= res(£(a) <o * 0r(B) <o) = res(£(a)) * res(r(B)). 0
Lemma 6.9.
Smy..m, 1€8 X = 1888, M, X VX e R. (6.42)

Proof. Using the identity res X = (X-09) >0 and writing simply 6 for §,,,..,, we have
dres X = 8(X00)z0 = (6(X00))>0 = ((6X0)0)»0 = ((6X)<00)»0 =TE85X

where we used (6.7), (6.8) and (6.25). O
Proposition 6.5.

Sml...mkcp(a) = CD(Pml...mk o Ol)' (6.43)

Proof. Taking the residue of (6.28) and using (6.2), leads to
(Smlmkq)(a) = res(aml...mkr(a)) = resr(Pml...mk o a) = q)(Pmlmk o a) D

7. Back to the (x)ncKP hierarchy

The formalism developed in the preceding section will now be applied to recover properties
of the ncKP and xncKP hierarchies from certain sets of algebraic identities in A(P).

7.1. The ncKP hierarchy

Since according to theorem 6.1 the §,,, n € N, are commuting derivations, we may set 8, = 9;,
on R. The equations

L,=68L n=12, ... 7.1

are then compatible. These are the defining relations (1.3) of the ncKP hierarchy. An
immediate consequence is

Q(Py) = 9,9 (7.2)
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which is (1.5). Furthermore, proposition 6.5 leads to ® (P, o «) = 9,, P (). In the following,
the fundamental homomorphism property ® (o X 8) = ®(a) * ®(B) (theorem 6.2) will also
play an important role. Applying &, for example, to the identity (4.24), results in the ncKP
equation (1.6).

Let us recall the definitions

o0 o0
(L") = — Z oM s L7 = Z L™ s ™ (7.3)
m=1 m=1

of coefficients ™ and n™ from [6], where iteration formulae for the (x)ncKP hierarchy
equations were derived in terms of them. The o -coefficients frequently appeared in treatments
of the ‘commutative’ KP hierarchy (see [43], for example).

Theorem 7.1.

OWU,) = u, d(C™) = o™ ®(H™) =ni™ (7.4)
with U, C,g’"), Hn(’") defined in section 4.1.
Proof. Using (6.28), (6.1) and §; = [0, -], we obtain

r(Poa)so= (§ir(a) —L Ar(a))so = (0r(a) —r(a)d — r(a)»0)>0-

Since [3, X 9]z0 = O for all X € R, this implies r(P o a)»o = —r(a)»00 which can be
applied iteratively to the expression

r(Uy) = (=1)"r(P < P°" ) = —(=1)"L *r(P o P°" V)5,

to yield ®(U,) = res(r(U,)) = res(L8""2) = u,,.
With the help of (6.39) and (6.4), the second relation of the theorem is obtained as follows,

(I)(C’(lm)) — (—1)” I'eS(e(Pm ~< P<n—1)) — (_l)n+1 I'eS(K(Pm)<0 * r(P<n—1))

o
= (=" Zok(m) sres(L™F % r(P~""1))
k=1
oo
— (_1)n+l Zo_k(m) * reS(L7k+l * r(P<n72)>0)
k=1
[o¢]
= (=1)™! Zok(m) s res((L™Y o % r(P~"72))
k=1
o0
— (_1)n+1 Zo_k(m) " res(Lfk” " r(P<n72)) — ...
k=2

oo oo
Z o™ sres(L" 2 F x r(P)) = Zok(m) xres(L" 7Ky = g™
k=n—1 k=n

since res(L) = 1if/ = 1 and res(L™!) = 0if [ > 1. The last relation of the theorem is
verified in a similar way (see also the proof of theorem 8.1). O

By application of the above results, making use of theorem 6.2 and proposition 6.5, ®
maps the identity (4.23) to

m—1
By, 01,0 = oy + My + Y (on, %0, + Dy 7y ) (7.5)
r=1
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which is (5.31) in [6]. Via (the image under & of) algebraic relations obtained in section 4.1
this equation determines iteratively a ‘complete’ set of ncKP hierarchy equations in the sense
that any equation for ¢ which arises from the hierarchy can be expressed as a combination of
such equations?’. Hence, the ncKP hierarchy lies in the image of a set of identities in A(P)
under the map ®. According to results in section 4.1, we know that the respective set of
identities in A(P) can be built from P,,m € N, solely by use of the products o and x. We
expect that also the following statement holds.

Conjecture. Allidentities in A(P), which are built from P,,, m € N, only with the help of the
products o and X, are mapped by ® to ncKP equations (expressed in terms of the potential ¢).

If there were such an identity which is nof mapped by ® to an ncKP equation, we know that
it would be mapped to an interesting equation since the latter would be solvable via the ansatz
described in the introduction and thus admit multiple ‘soliton’ solutions. We believe, however,
that the ncKP hierarchy exhausts the corresponding possibilities (under the restrictions stated
in the conjecture).

7.2. Extension of the Moyal-deformed ncKP hierarchy
According to (6.43),

Bonn = 5 Bmn — Sum) (7.6)
satisfies

D (A o) = 0y () (7.7
with A,,,, defined in (4.19), and (6.8) leads to

Don (X % Y) = @ X) Y + X # 0¥ + 38X % 8,Y — 8, X 8, Y) (7.8)

which allows us to set ¥, = 9y, on R (where 0y, is the partial derivative with respect
to the deformation parameter 6,,,, entering the Moyal x-product (1.16)), provided that also
8, 1s set equal to d;, (which yields the ncKP hierarchy). Since, according to theorem 6.1,
Pmn, m, n € N, commute with each other and also with §,,, n € N, the equations

Ly, = 0L (7.9)
are compatible and extend the Moyal-deformed ncKP hierarchy?®. In this way, one recovers
the extension of the Moyal-deformed ncKP hierarchy obtained in [5] and further explored
in [6].

From (6.23) we obtain

SmnL" = [(L™")z0, LT = (8w L") * (L") >0 (7.10)
and therefore

IunL" = [WO L'+ 5(8uL" 5 (L") 30 = 8 L" % (L") 30) (7.11)
with

WO i= S (L™ — L") 50 = (L") <o % L™ — (L") 0% L")30  (7.12)
using L™" = —(L™) .o * L" in the last step.

27 With the choice m = 1, after an x-integration the last equation can be solved for ¢, if n > 2 [6].

28 The xncKP flow given by (7.9) for fixed m, n only commutes with the corresponding flow of the same equation with
m, n replaced by another pair r, s of natural numbers, if the ncKP equations associated with the evolution parameters
tm, s 1y, ts are satisfied (see also [6]). The proof of theorem 6.1 clearly manifests this dependence of ‘second-order’
flows on those of ‘first order’.



5490 A Dimakis and F Miiller-Hoissen

Replacing 9,,, by 9y,, in (7.11) for r = 1, taking the residue and performing an
x-integration, leads to
8p,, ¢ = 5 res(L™" — L") = ®(Ayun). (7.13)

By application of & to identities in .A(P) involving besides P, also A,,,, and otherwise
built with the products o and X only, we obtain explicit xncKP equations beyond those of the
ncKP hierarchy. In fact, applying ® to (4.22), we reach all those equations, since we recover
(5.30) in [6]. Recalling results of section 4.1, this proves that there is a set of identities in
A(P), which can be expressed solely in terms of P,,, A, m,n € N, and the products o and
X, such that ® maps it to a complete set of xncKP equations for the potential ¢. Probably all
identities built in this way are mapped by ® to xncKP equations.

Remark. It is well known (see [44], for example) that by means of an equivalence
transformation

f* g=D"'((Df) * (Dg)) (7.14)

with an invertible operator D one can eliminate a possible symmetric part of the deformation
parameters 6,,, from the x-product. Let us see how the algebra A(P) reflects this fact. For
the moment, let us generalize 6,,, to f,,, by adding a symmetric part. From the definition of
the main product o, we have the identity

Pyp + Py = Pyo Py — Py (7.15)

in A(P). This is mapped by P to the /inear equation

Bt + Pty = Btty, = P (7.16)
which is equivalent to
P = Do + 3 (Pt — Prr) (7.17)

and allows us to express the partial derivative with respect to the symmetric part of ¢,
in terms of partial derivatives with respect to the variables #,. We may therefore restrict
our considerations to the antisymmetric combination A,,, = (P, — Pu»)/2 and thus the
antisymmetric part 6,,,, of z,,,.

8. Beyond Moyal deformation: XncKP hierarchy

In this section, we replace the Moyal product by an associative x-product which may be
regarded as including all (at least in the present framework) possible deformations. This leads
us to an extension of the ncKP hierarchy which is even bigger than the xncKP hierarchy.

8.1. Maximal deformation *-product

Now we allow the coefficients of L to depend on variables ¢,y = {tmlmm,. |m1, ,my =
1,2,... } r =1,2,....In the following we write % for the n — oo limit of the associative
product *, defined in appendix C (where x*!-* has to be replaced by #,,. m,). Then (C.2)
reads

r—1

%ty = Sy 58+ L % 8t ¥ D Frn e * Gy e ®.1)

k=1
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and the first of these differentiation rules are
(f % &, = fi,x 8+ [ g,
(f * &ty = Sty ¥ 8+ [ * &1, + fr, * &1,
(f * &tyr = Sy * 8+ S % &1y + i % 81 + fr * 8,
Applying them repeatedly, we find, e.g.,
(fxgxh),, = fi.*x8xh+fxg, *xh+fxgxh,
+ fon X8 kM + [ kgxhy + fi kg *h+fi xgxhy,
+fxg, xh, + fxg xh, +f *g, xh. 8.2)

For& =Y > t, p!" with parameters p; we obtain, for example,

efl x o5 x 53 — efitertEtinthintinthin (8.3)
where
o0
Eni = Y wmPp D) (8.4)
mi,..., m,=1
More generally,

N
e k- xef =exp Z Z & (8.5)

r=11<ij<<i, <N

which implies

@ sexe™)y, o= D PPl e ke
1<ij<<i, <N
=EN(Pml << Pmr)eé‘ koo etN (8.6)

using (3.8) in the last step.

8.2. The XncKP hierarchy

Comparing the generalized derivation rule (6.8) with (8.1) and recalling theorem 6.1, it is
consistent to set 3zml...m, = Om,..m, on R. Then (6.22), respectively (6.23), leads to

r—1
8t’"1~--mr L" = _[Lml ..... " <o, Ln]* + Z (8tml.,.nlk Ln) x LMoy
k=1
.
=L 50, L], = ) (B, L) % L0 50 8.7)
k=1

where L™ "r is given by (6.15) in terms of L. For n = 1, these are the generalized Lax
equations

r—1
; — [Lm| ..... my 05 L] _ Lt * Lm"” ..... m, >0
my..mp 2 my..my,
k=1
r—1
= —[L"" 0, L], + ) Ly, kL0 (8.8)
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which (as a consequence of theorem 6.1) define a hierarchy of commuting flows which we call
the XncKP hierarchy. It is easy to see that they are the integrability conditions of the linear
system

Lxy=3p W, =L"" 0k, 8.9)
Taking the residue of (8.8), after an x-integration we find

Binym, = 1ESL ) = (P, ). (8.10)
Introducing coefficients o™ via

LM 0= ( 1)r Zo_ LseensPy) 7k (811)
(8.10) takes the form

By = (=D, (8.12)
With the help of L™+l = — ™M _q 5 [+ one obtains the iteration formula

myy—1
ak(ml ,,,,, M) k(Tl’il’l,Hm Z Gl mi,...,m;) k(m,n—l) (8.13)

which corresponds to the identity (4.18) in A(P). The coefficients o (m) already appeared in
section 7.1 (see also (5.7) and (5.8) in [6]). An example from the set of equations (8.12) is

1,2,1 1,2 1 (1
¢T171=_01( )2_02( ):_O'i) )*02)
1 1 1 1 1
= 10, — §¢t|t3 - §¢t2tg + 1Punn — ﬂ(pm,tlt, + 5P, * (‘Ptz - ¢f1t|)- (8.14)

In a similar way, defining n-coefficients via
(P, >+ > Pp,) ZL g o) (8.15)

one obtains the expression

mpy—1

nliml ----- mest) n](:':’;q:;;m ) + Z nl((mm—l) % nl(ml ~~~~~ my) (8.16)
which corresponds to the identity (4.15) in A(P). In fact, (8.13) and the last relation follow

directly from the corresponding relations in A(P) by use of the following result.

Theorem 8.1.
Cb(Hk(ml ----- mr)) — ’71(:"[ ----- m;) CD(CIEml ~~~~~ mr)) — O_k(ml <<<<< mr)‘ (817)

Proof. With the help of (6.40) and (6.3), we obtain
dD(Hk(m‘ """ m")) = dD(Hk,l O P,,,l) = res(é(Hk,l) * r(Pmr > Pm])<0)

WMg i
('D
w
—~
o~
~~
~

S
X
I\)
p—
*
~~
h
=
A
j=]
p—
*
3/-\
E;
E
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o0
=Y res(C(PF ) w LMy g =

1=2
oo [o.¢]
= Z res(£(P) % LK271) s (o) = Zres(kal*l) e )
I=k—1 I=k
The second relation of the theorem is verified in a similar way. |

Explicit equations of the XncKP hierarchy are more generally obtained by application of
® to identities in A(P) built from any subset of the elements P, ,,, and the products o and
% (using (8.10), theorem 6.2 and proposition 6.5).

There is a redundancy in the parameters f,, . The remark at the end of section 7.2,
which also applies to the more general x-product under consideration, shows that we may
drop the symmetric part of #,,. But now there are further identities in .A(P) which lead to
linear equations for ¢ and allow us to eliminate partial derivatives of ¢ with respect to certain
combinations of the variables #,,, ., for fixed k. For example, with the help of (2.12), (2.7)
and (7.15), we obtain

Py o P,o P = Pypr + Py + Pupim + Py + P + Py
+PmoPn+r+PnOPm+r+PrOPm+n_2Pm+n+r (818)
which is mapped by @ to

BPtrne + Pt + Pt + Pty + Gro + Pt = Pttty = Pty — Pty — Pyt + 204, (8.19)

as a consequence of which the totally symmetric part of ¢, turns out to be redundant. In
particular, the last equation implies

Dty = %ﬁbrmtmtm - %‘ﬁtmtzm + %d’z;m- (8.20)
A similar calculation yields
Pmnr - Pmrn + Pnrm + anr - Prmn - Prnm = 2(Pm o Anr - An,m+r + Ar,m+n) (821)

and anti-symmetrization with respect to m, n, r leads to
Pmnr - Pmrn+Pnrm _anr+Prmn - Prnm :2(Pm OAnr+Pn OArm'*'ProAmn) (822)

so that, in particular, the totally antisymmetric part of t,,,, is redundant. Of course, (8.21)
determines further redundancies. These are given by

Pmmr - Prmm = Pm o Amr - Am,m+r + Ar,Zm r 7é m (823)

and additional relations with m, n, r pairwise different.
Let us look at some concrete examples. Application of & to the identity

Pli1+Pi2+PXP=P<P<P+P<P,+PXP=0 (8.24)
leads to the nonlinear XncKP equation

G, t i, + Pk =0, (8.25)
By use of the linear equation (8.20) this becomes

10 — 3P + £ Punn + G, + Py x ey =0 (8.26)
which, with the help of the linear equation (7.17), is turned into an xncKP equation,

Do, — (P, — Brinn) + b1, * by, = 0. (8.27)

Of course, this equation is obtained more directly from the identity
Alp— ¢(P3 = P+ PX P =0. (8.28)
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Furthermore, the identity
Pipy=P<Py<P=P<P>P<P—-—P<P<P<P=—-PXP?—-P* (829

leads to the nonlinear XncKP equation

¢f1,2.1 = _¢f1 * ¢11.1 - ¢11‘1A1,1 (830)
where we should substitute the following expressions (obtained from (4.36), for example),

G, = =5 + 5001 (8.31)

¢t|,u,| = _i‘ﬁu + %(ptlt} + é‘ptztz - %¢t1tlt2 + i(ﬁtltltltl (8.32)

which results in (8.14). Expressions for ¢, ,, and ¢;,,, are then obtained with the help of
linear equations given above. We may take the view, however, that the dependence of ¢ on
t1.1.2, respectively #, 1 1, is redundant (after selection of the variable #; 5 ;).

8.3. Reductions

Let us impose the constraint (L") o = 0 for some fixed N € N which is known to reduce
the KP hierarchy to the Nth Gelfand—Dickey hierarchy (see [3], for example). It immediately
follows from (8.7) that all equations of the XncKP hierarchy preserve this constraint. Another
immediate consequence is (L*V)_o = 0 and thus L,, = 0 for all k € N. Moreover, (6.15)
shows that

LNz — () k>1, r>2 (8.33)
which, by use of (8.8), implies
Ly, =0 k=1, r>2. (8.34)

Furthermore,

— (Lml ,,,,, m,,1<0 *Lmr * LkN)<0 _ ((Lm] ..... m,-,1<0 *Lmr)>0 * (LkN)>())<0

= —[mmetkN k>1, r>1 (8.35)
by use of (6.11). With the help of (8.8), this leads to
Lfml..m,.k/v = _Ltml“.m”kN k=21, r=1 (8.36)
Moreover, using (6.15) and (8.35), we obtain
Lml,...,m,,l,kN,mM ..... me _ _Lm1 ..... my_1+kN,mpq,..., m, l — 2’ T — 1’ r > 3’ k 2 1
(8.37)
and thus
by my_ 1 kNmpyq.mp = _lel..,.m,,1+kN.m1+1...m, l = 2’ EEEE S 1’ r 2 37 k 2 1' (838)

As an example, let us consider the KdV reduction (L¥ -9 = 0. In this case we have
¢, = 0 and ¢, , = —¢;,, so that (8.26) reduces to

Gy = 3Punn + 50 * P (8.39)
which is the potential ncKdV equation. Furthermore, (8.14) reduces to

Gy = —ray = 3Puns + 35Punnn + 500 * P, (8.40)
and (8.23) leads to the linear equation

Pty = P2 = Doy + 5P (8.41)

with the help of which, and use of (8.39), the previous equation yields the xncKdV equation
¢91.3 + 411[¢I17 ¢Ilt1] = O' (842)
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8.4. Generalized Sato-Wilson equations and Birkhoff factorization

The ncKP hierarchy can be formulated alternatively in terms of the Sato—Wilson equations
W, = —(L")<0x W (8.43)

with (the dressing operator)
o0

W= 1+an3’”. (8.44)
n=1

Since t; = x and Lo = 0, thecase m = 1leadsto W, = —L o W = oW — L x W. Hence
L+W=W3aorL =W=xdW~!, since W is invertible. The Sato—Wilson equations now take
the form

W, =—(Wxd"W_oxW. (8.45)

These equations imply the Lax form (1.3) of the ncKP equations (see also [6]).
An obvious generalization of the above Sato—Wilson equations is given by

Wi, oy = —L"™ g% W. (8.46)

They indeed imply the generalized Lax equations (8.8), as can be demonstrated by application
of 9,, , toLxW = Wa. From (8.46) we find

-1 mi,..., m, _ MY,y m,
Wt’"lmmr * W =—-L™ <0 — (L ! 1<0 * L )<0

= —(Wi,,.,,_, x 3" W)

and thus the equivalent inductive form

<0

oy = — (W 0™ W) W (8.47)
This can be rewritten as
Wi = Wi, . x0™ W’1)>0 «W—W, o (8.48)
and thus
(W ked), =L g5 (W ok ef) (8.49)

where é = 2@1 t,0". Following [45] (see also [7, 46]), this leads to the Birkhoff factorization
(generalized Riemann—Hilbert problem, see [25, 47] for example)

W(t) e = Y (1) % W(0) (8.50)
with Y = Y3. This is equivalent to
EWO) ! = W) x Y () (8.51)

since W(t) € G_ and Y (¢) € G4, for the group G = G_G, of WDOs.
Conversely, acting with 9;, , on (8.50), we get

(W@, ., + W), 0")* 0 = Y (0, ., * Y@ % W) * ef® (8.52)
and thus
W), . WO+ W@, ,  «"WO T =Y0),, ,, x YO (8.53)

Taking the R part, noting that (Y (1),, , *Y(®)™")_, = 0and W(),, , * W)™ =
(W), ., * W()™")_,. one recovers (8.47). Hence, the Birkhoff factorization (8.50) is
equivalent to the XncKP hierarchy equations (8.8). Via (8.50) the space of solutions of the
XncKP hierarchy is determined from the same initial data W (0) as in the KP case [46].
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9. Conclusions

Some crucial steps in this work are sketched in the following diagram.

N
AP) - — AP/ Q)
d)l lEN
XncKp _recemethod algebraic sum
identities

Our central object is the algebra A(P) generated by a single element P and supplied with
certain associative products, which in particular give rise to a (mixable) shuffle product (and a
Rota—Baxter algebra structure). The map W embeds it into a corresponding algebra generated
by two independent commuting elements P, Q. Identities in A(P) are then mapped by W
to identities in the latter algebra. These in turn are sent by ¥ to algebraic sum identities in
variables p,,g,,n =1,..., N. Since N € N is arbitrary, this results in families of identities.
Such identities were actually the starting point of this work. In the introduction we explained
how algebraic identities of this kind emerge from the equations of the (nc)KP hierarchy via the
‘trace method’ [8]. It remained to find those families of identities in .A(P) which correspond
to KP equations. This is where the map @ entered the stage. We found identities in .4(P)
which are mapped by ® to KP equations and the whole hierarchy of KP equations expressed
in the potential ¢ is recovered in this way (after setting the derivations §, equal to partial
derivatives 0, ).

Moreover, we found further families of identities and showed that these determine
extensions of the ncKP hierarchy with deformed products. The xncKP hierarchy [5, 6] is
rediscovered in this way. But we even discovered a new (XncKP) hierarchy which extends
the xncKP hierarchy after deforming the product in a more general way.

The XncKP hierarchy contains linear equations and it seems that their existence is related
to equivalence transformations of the x-product, which can be used to reduce the amount of
deformation parameters (which correspond to evolution ‘times’ of the generalized hierarchy).
This relation has not been sufficiently clarified in this work.

The fact that (R, ()>0) (and also (R, ()<¢)) is a Rota—Baxter algebra (see appendix A)
suggests generalizing the results of section 6 towards other Rota—Baxter algebras?’.

The correspondence between (X)ncKP equations and algebraic identities presented in this
work sets up a bridge between different areas of mathematics. In view of the appearance of
the KP hierarchy in many physical systems and in various mathematical problems, this should
be an interesting new tool for further explorations. In particular, the KP hierarchy has deep
relations with string theory (see [48—50], for example) and shows up in related models such
as topological field theories [51-53] and matrix models [54, 55]. We should also mention
its appearance in Seiberg—Witten theory [56] and a relation with random matrices [57]. We
expect that deformations and extensions of the KP hierarchy will play a similar role and that
interesting generalizations of these results can be achieved. Indeed, some motivation to study
(Moyal-) deformations of the KP hierarchy originated from the following fact. In string theory,
D-branes with a non-vanishing B-field are effectively described in a low energy limit by a
Moyal-deformed Yang—Mills theory [58, 59]. Corresponding non-commutative instantons
[60] are solutions of a Moyal-deformed self-dual Yang—Mills equation, from which Moyal-
deformed soliton equations result by reductions, as in the classical case (see [61], for example).

29 We may e.g. replace R by an algebra of Laurent series in an indeterminate A, as in the AKNS hierarchy example
[5,7].



An algebraic scheme associated with the ncKP hierarchy 5497

Such deformed soliton equations provide us with interesting examples of non-commutative
field theories [60].

Within the framework of integrable systems our results suggest an apparently new method,
namely to look for (series of) algebraic identities of a certain type in order to construct
hierarchies of soliton equations. The XncKP hierarchy presented in this work was in fact
discovered in this way.
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Appendix A. Rota—Baxter operators

We recall the Rota—Baxter relation of weight® q on a ring A:
R(@)R(b) = R(R(a)b+aR (b)) —qR(ab) (A.1)

(see [14-17, 62]). A (not exhaustive) class of Rota—Baxter operators is obtained by the
following construction [16, 62]. Given an endomorphism A : A — A of an algebra A, i.e.,
A(ab) = A(a)A(b) foralla, b € A,

Ri=Y A (A2)
r>1

(assuming convergence, or nilpotence for some power of A) defines a Rota—Baxter operator
of weight —1. Also note that id + R is then a Rota—Baxter operator of weight 1. An important
example, already presented by Baxter [14], is provided by the standard Baxter algebra
[15, 17] of a set of generators {a, b, c, ...} which are infinite sequences a = (ay, az, .. .),
with componentwise multiplication ab = (a;b;, axbs, ...) and the Rota—Baxter operator
given by

R(ay,ar,a3,...) = (0, ay,a) +az,a;+a;+as, .. ) (A3)

which is (3.10). This is of the above form with the shift operator A(aj,az,...) =
(0,ay, ay, ...). The standard Baxter algebra is naturally isomorphic to the free Baxter algebra
on the same set of generators [15, 17]. The standard (or free) Baxter algebra with a single
generator is isomorphic to the algebra of symmetric functions [17]. Another example is
obtained by choosing (A f)(x) := f(gx) on functions of a variable x, where ¢ is a parameter.
R is then the Jackson g-integral [17].

The following theorem [62] provides us with further examples and, in particular, shows
that (R, *, ()>0) and (R, *, () <o) are Rota—Baxter algebras.

Theorem. Let (A, +, ) be a (with respect to the product - not necessarily commutative and
not necessarily associative) ring. The following conditions are equivalent:

(i) There is a Rota—Baxter operator R of weight 1 on A which is a group homomorphism of
addition.

(ii) There are two subrings Ay of A and a subring B of A, x A_ (supplied with a ring
structure in the obvious way by componentwise addition and multiplication) such that
each element a € A has a unique decomposition a = a, + a_ with (a,,a_) € B.

30 Via multiplication of the Rota—Baxter operator by q~!, we can always achieve that a non-vanishing weight constant

becomes equal to 1. In this sense, the weight constant is ‘relatively unimportant’ [16].
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An idempotent Rota—Baxter operator R of weight 1 is equivalent to a direct sum
decomposition, i.e., A = A, & A_.

Proof. Let us assume that (i) holds. Define A, := R(A) and A_ := (id — R)(A). By
assumption, R(a) + R(b) = R(a + b). Furthermore, the Rota—Baxter relation R(a)R(b) =
R(R(a)b + aR(b) + ab) implies R(a)R(b) € R(A) = A,, so that A, is a subring. Moreover,
since id — R satisfies the same Rota—Baxter relation, A_ is also a subring. This supplies
A, x A_ with a ring structure. Now

(R(@)R (D), (id — R)(a)(id — R)(b)) = (R(c), (id — R)(¢))
with ¢ := aR(b) + R(a)b — ab shows that there is a subring B of A, x A_ with the properties

specified in (ii).
Conversely, if (ii) holds, R(a) := a, defines a homomorphism R with respect to the
operation + and we have a_ = (id — R)(a). Now we compare the decomposition

aR(b)+ R(a)b — ab = R(aR(b) + R(a)b — ab) + (id — R)(aR(b) + R(a)b — ab)
with the identity
aR(b) + R(a)b —ab = R(a)R(b) — (id — R)(a)(id — R)(b)

where, as a consequence of the subring properties, the first term on the right-hand side lies in
A, and the second in A_. Since the decomposition of an element of A is unique, this implies

R(@R(b) + R(a)b —ab) = R(a)R(D)

which is the Rota—Baxter relation (of weight 1).
If R is idempotent, i.e., R> = R, one easily verifies that A, N A_ = {0}. Conversely, given
A = A, & A_, the projections onto the subrings define idempotent Rota—Baxter operators.
|

The theorem also holds with ‘ring’ replaced by ‘K-algebra’ if R is K-linear. If one of the
conditions of the theorem is fulfilled, the classical R-matrix given by
R(a) :=a; —a_ (A.4)
(which generalizes the Hilbert transform) satisfies
R(a)R(b) = R(R(a)b +aR(b)) — ab (A5)

called the ‘Poincaré—Bertrand formula’ in [24] and the ‘modified Rota—Baxter relation’ in
[22, 23]. Passing over to commutators, this yields the modified Yang—Baxter equation [24].
The product A used in section 6 can be expressed as follows [24],

ahb=ab,—a_b_ = %(R(a)b +aR(b)). (A.6)
In terms of the Rota—Baxter operator given by R(a) = a., we have the following expression,
aAb=R(@b+aR() — ab. (A.7)

Such a product, determined by a Rota—Baxter operator of weight 1, has been called ‘double
product’ in [38] (see also [22, 23]). It is associative as a consequence of the Rota—Baxter
relation.

We also refer to [28, 63—65] for explorations of Rota—Baxter algebras. In particular,
according to [66] any Rota—Baxter algebra defines a dendriform trialgebra (see [67], for
example)?!.

31 Although the notation used in work on dendriform algebras looks similar to the notation used in section 2, one
should note that the operations defining a dendriform algebra are not associative whereas our products are associative.
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Appendix B. Some realizations of the algebra .A

In this appendix we briefly describe some realizations of the algebraic structure introduced in
section 2, different from our main example of partial sum calculus in section 3.

Posets. A poset P is a set with a binary relation i < j for i, j € P, such that

(i) foralli:i < i,

() ifi < jand j <i,theni = j,
(iii) if i < jand j < k, theni < k.

Letus writei < j fori < jandi # j. A finite non-empty subset {if, ..., i,} of P will
be called a chain, if i; < --- < i,. A chain [ always has a smallest element min(/) and a
greatest element max(/) . The set C of chains of P is ‘graded’ with respect to the number
of elements of the chains. Let A be the free vector space generated by C over K with basis
vectors {e;|] € C}. We define the algebraic structure as in the case of partial sums:

eruy if max(/) = min(J)
= . B.1
erees {O otherwise (B.1
e < ey = {e;w if ma.lx(l) < min(J) B.2)
0 otherwise
and thus
” 1) < mi
> e = {e,w i m?'lx( ) < min(J) (B.3)
0 otherwise.
From these rules we find
. Jerus if IUJeC
eroes = {0 otherwise. (B.4)

For a finite poset P, we define amap X : A — Kby X(e;) = 1 forall I € C. Then, for
Ay =) icplaiei,a=1,...,r, weobtain

S(Ajo-0A) = Y Clii@i e Ar, (B.5)

with

) e if {i,....i,}eC
linewird *= 1 otherwise.

A special example of a poset is given by a rooted tree, which possesses a distinguished element,
the ‘root’, from which there is a unique path to any other element. The ordering of nodes
along a path obviously defines poset relations < and <. Then R(A) := )", » (Zk<n ak)en,
where A = ), _, aye,, defines a Rota—Baxter operator of weight —1 for the algebra (Al ).
Hence, with any rooted tree a Rota—Baxter algebra, and thus also a dendriform trialgebra [66],
is associated.

The tensor product algebra of an associative algebra. Let (A', o) be any associative algebra
over K,and A" := A' ® --- ® A! (r-fold tensor product over K). Then A = @,21 A" with
the tensor product ® is an associative algebra. The product e extends to an associative product
in A by setting

(A1®---QA)e(BI® - ®By) =418 - Q(A ¢B)® - ® By (B.6)
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forall Ay,..., A,, By, ..., By € Al. Let us now define a new associative product by
a>B=aQBL+aef Va, B € A. B.7)

Identifying ® with < in our general formalism, the main product o becomes a ‘mixable shuffle
product’, as considered in [27].

If (A', o) is unital with unit £, we can define an operator R : A — Aby R(a) := E Qa.
This implies R(«) @ R(B) = R(a ® B). The quasi-shuffle property leads to

R(a) o R(B) = R(ao R(B)+ R(a) o f+xop) (B.8)

so that R is a Rota—Baxter operator of weight —1. The algebra (A, o, R) is the free Rota—Baxter
algebra on A! (of weight —1) [27]. The operator R satisfies

R(@) e R(B) + R* (e B) = R(xw ® R(B) + R(c) » ) (B.9)

with respect to the e-product. This is the condition in [68] for the map R to be hereditary and
is called the associative Nijenhuis relation in [22, 23, 69, 70]. In fact, the following stronger
identity holds,

R(x e ff) = R(xx) o B. (B.10)

Appendix C. #,, products

On the space of analytic functions (or formal power series) of the collection x
xD, x@ .. x™) of variables xV = {x#},x® = {x*},x® = {xr}, ..., x® =
{x#1--Hn} (where the indices run over some discrete set) we introduce a product x,, via®?

n r a a
(f #a §)(x) = exp (Z bt 3 ) FO)g(x)

1Pk M1 Mr
r=1 k=0 dx; 3x

(C.1)

X1:X2:0
using the summation convention with respect to the indices ;. Obviously,

DL *n Vs Bl g Vi Vs ey VL Vs

where the last term should be set to zero if the number of indices exceeds n. For n = 1 the
product x, coincides with the ordinary one since

= fxM)gx™M).

x1=x,=0

0 0
(f %1 ©)(xV) = exp (x“ (— + —)) Fx)g(x)

I3 o
0x, 0x,

For n = 2 we find

(f %2 8)(xV, x@) = exp (x“ (i + 9 )

1 I
dx;  0x,

vf 0 9 9 9 M @\ () @

a 0 1 H @ 1 n @
= oxp (10 gt ) P g 1)
1 0%

X|=.X2=0

X[ZXZZO

which is the usual Moyal product (if the symmetric part of x*" vanishes).

Proposition. The x,-product is associative.

32 Here and in the following we should replace 8/dx*1-# by 1 if k = 0 and 8/dx"+1-#r by 1if k = r.
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Proof. According to the definition of the *,-product, we have

n r a a
(f *n (g *, h))(x) = exp (Z et Z oxHE [LH],,,/L,.)
X R

r=1 k=0
x=x3=0

" a a
X eXp <2x - Z —ax;“”‘” 78)5:”""”?) fg(x3)h(xs)
x3=x4=0

This depends on x, only through the second exponential. On functions which are not dependent
on x,, we find

9 9 .9 9
exp (ZX’“ “’Zaxm T g u,>€XP Zx me)

r=1 s=1 1=0
n r r
= ex § :xm...ur § : 3 § : d 9
p 8x,ul---ll«k 8xﬂk+l---#1 8x,u1+1---ur
r=1 k=0 ~ 1 =k 73 4

—~ N0 9
X exp Z-xz S Z ax’;)]___u, ax:H]...U;)
ex Zx ZL O Vexp 3 wssiie
P axVI Vi axvm Vs P Ay Ay

r=1

where
ad d ad ad a d
S,llL13‘iL = a MKy + 3 K1y + a M-y + z : a M1 Kk 8 Mk+1--- 1 a Mi41---Mr
X .X3 *a O<k<l<r X X3 X4
d d ad
D + 2
Mk Mkt [y M-k Mkl .-y
0<k<r ax O<k<r 8)61 8)(4
8 ad
+ D
My Mk Mk+1--Mr
O<k<r ax ax4

is completely symmetric in the labels 1,3,4. As a consequence, we obtain

n

(f #a (g #n h))(x) = exp (Zx’“ sy ‘L,) fx)g(x3)h(xs)

r=1 X =x3=x4=0

and a similar calculation yields the same expression for ((f *, g) *, h)(x). ([l

Partial differentiation with respect to x*!~# acts on a *,-product as follows:

—~ of g

Ox M- -Mhr (f Hn g) kX(; Ox MMk *n O X Pkt hr r < n. (CZ)
Suppose we impose an additional condition of the form
Ay, X =10 (C.3)

with constants a,,, ., on the deformation parameters. The multiplication rule (C.2) then leads
to the further compatibility conditions

v Pretbr) v e
0=x"x, (am,,,mx ) =au, X *n X '
" P blr VUL ViLL-
=x (am___urx ) +ay,. X "=y, X T, (C4)
More generally, for all p, g =0, 1,2... we find

Vi Up ey P1---Pg
Apyy.g, Xt e PP = ), (C.5)
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Appendix D. Left A(P)-modules and Baker—Akhiezer functions

Let M be a left A-module, so that « < m and « e m are defined for all « € A and m € M with
the following associativity relations,

(a<pB)<m=a=< (B <m) (xepB)em=cae(fem) D.1)
(x<B)em=a < (fem) (xef)<m=ae(f <m). D.2)

We further assume that M is graded, i.e., M = @@o M" with A" < M* € M™ and
A" eM* € M™5~! andthat Mis completely determined by M°and <, sothat M" € A" < M.
This reduces the left actions on M to the definitions of A < x and A e x for A € A' and
x € M°. Leta > m := o @ m + a < m. Furthermore, for x € M°, we set

aox:i=o =) (D.3)

(which does not hold for general m € M). The product o then extends via the quasi-shuffle
properties

A>=a)oB>m)=A>[ao(B>m)]|+B>[(A>a)om]—AeB>aom (D.4)
A<a)oB<m)=A<[ao(B<m)|+B<[(A<a)om]+AeB <aom (D.5)
A>a)o(B<m)=A>[ao(B=<m)]|+B <[(A>a)om] (D.6)

which are consistent with (D.3). By induction, one obtains
ao(Bom)=(xoB)om D.7)

fora, B € Aandm € M. Infact, the proof is rather tedious and requires several generalizations
of results obtained for the algebra A.

In the following, we concentrate on a graded left A(P)-module M. Let My be the left
module of R containing the Baker—Akhiezer function of the ncKP hierarchy. We define a map
{: M — Mgby

Ua < x) = —L(@) <o * £(x) Ua > x) == L@)z0 % £(x) (D.8)
forall @ € Aand x € M°. This leads to

U e x) =0(a)*E(x). (D.9)
Furthermore, we define linear operators 4,,, ,,, on Mz by setting

Sy, L(m) := E(Pp,..m, o m) (D.10)
and requiring the generalized derivation rule

Sy, (X4 LGO) =D Sy X) * Sy m, L) (D.11)

k=0

for all x € R. Using (D.3) and (D.8), we obtain
31711...m,Z(X) = Z(Pmlm, o X) = Z(Pmlm, > X) = K(Pml...m,)>o * Z(X)

= L™ S0 % (). (D.12)
Let us call x € M° a Baker—-Akhiezer element if it satisfies
Peyx=»MAx (D.13)
with 4 € K. Acting with £ on this equation leads to
Lxl(x)=M(x). (D.14)

Together with (D.12), this is equivalent to the linear system (8.9).
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